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Suppose that / : X — > Y is a morphism of algebraic varieties, over a field k of 
characteristic zero. The structure of such morphisms is quite rich. The simplest 
class of such morphisms is the toroidal morphisms. If X and Y are nonsingular, 
/ : X — » Y is toroidal if there are simple normal crossing divisors Dx on X and Dy 
on Y such that f*(Dy) = Dx, and / is locally given by monomials in appropriate 
etale local parameters on X. The precise definition of this concept is in [AK] (see also 
[KKMS]). We state the Definition of toroidal in 3.7. The problem of toroidalization is 
to determine, given a dominant morphism / : X — ► Y, if there exists a commutative 
diagram 

Xi ^ Yi 

$11* (1) 
X ^ Y 

such that $ and ^ are products of blow ups of nonsingular subvarieties, X and 

Y arc nonsingular, and there exist simple normal crossing divisors Dy on Y and 
Dx = f*(Dy) on X such that fx is toroidal (with respect to Dx and Dy)- This is 
stated in Problem 6.2.1. of [AKMW]. Toroidalization, and related concepts, have been 
considered earlier in different contexts, mostly for morphisms of surfaces. Torodial- 
ization is the strongest structure theorem which could be true for general morphisms. 
The concept of torodialization fails completely in positive characteristic. A simple 
example is shown in [C2]. 

In the case when Y is a curve, toroidalization follows from embedded resolution 
of singularities ([H]). When X and Y are surfaces, there are several proofs in print 
([AkK], Corollary 6.2.3 [AKMW], [Mat]). They all make use of special properties of 
the birational geometry of surfaces. An outline of proofs of the above cases can be 
found in the introduction to [C2]. 

In [C2], the toroidalization problem is solved in the case when X is a 3- fold and 

Y is a surface. In this paper, we prove toroidalization for birational morphisms of 
3-folds. 

Theorem 0.1. Suppose that f : X — > Y is a birational morphism of 3-folds which 
are proper over an algebraically closed field k of characteristic 0. Then there exists a 
commutative diagram of morphisms 

X x ^ Yi 
$ | J ¥ 

X Y 

where $, ¥ are products of blow ups of nonsingular curves and points, and there exists 
a simple normal crossings divisor Dy 1 on Y\ such that Dx t = f\ 1 {Dy 1 ) is a simple 
normal crossings divisor and fx is toroidal with respect to Dx ± and Dy 1 . 



Research partially supported by NSF. 



1 



2 



STEVEN DALE CUTKOSKY 



If we relax some of the restrictions in the definition of toroidalization, there are 
other constructions producing a toroidal morphism f\, which are valid for arbitrary 
dimensions of X and Y. In [AK] it is shown that a diagram (1) can be constructed 
where $ is weakened to being a modification (an arbitrary birational morphism). In 
[CI] and [C4], it is shown that a diagram (1) can be constructed where <E> and are 
locally products of blow ups, but the morphisms <&, ^ and /i may not be separated. 
This construction is obtained by patching local solutions valid for any given valuation. 

It has been shown in [AKMW] and [Wl] that weak factorization of birational 
morphisms holds in characteristic zero, and arbitrary dimension. That is, birational 
morphisms of complete varieties can be factored by an alternating sequence of blow 
ups and blow downs of non singular subvarieties. Weak factorization of birational 
(toric) morphisms of toric varieties, (and of birational toroidal morphisms) has been 
proven by Danilov [Dl] and Ewald [E] (for 3- folds), and by Wlodarczyk [W], Morelli 
[Mo] and Abramovich, Matsuki and Rashid [AMR] in general dimensions. 

Our Theorem 0.1, when combined with weak factorization for toroidal morphisms 
([AMR]), gives a new proof of weak factorization of birational morphisms of 3-folds. 
We point out that our proof uses an analysis of the structure as power series of local 
germs of a mapping, as opposed to the entirely different proof of weak factorization, 
using geometric invariant theory, of [AKMW] and [Wl]. 

Corollary 0.2. Suppose that f : X — > Y is a birational morphism of 3-folds which 
are proper over an algebraically closed field k of characteristic zero. Then there exists 
a commutative diagram of morphisms factoring f, 

X\ X3 X n 

/ \ / \ ■■■ / \ 

X X2 X4 Y 

where each arrow is a product of blow ups of points and nonsingular curves. 

The problem of strong factorization, as proposed by Abhyankar [Ab2] and Hironaka 
[H] , is to factor a birational morphism / : X — ► Y by constructing a diagram 

Z 

/ \ 
X ^ Y 

where Z — > X and Z — > Y factor as products of blow ups of nonsingular subvarieties. 
Oda [O] has proposed the analogous problem for (toric) morphisms of toric varieties. 

A birational morphism / : S — > Y of (nonsingular) surfaces can be directly factored 
by blowing up points (Zariski [Z3] and Abhyankar [Ab2]), but there are examples 
showing that a direct factorization is not possible in general for 3-folds (Shannon [Sh] 
and Sally[S]). 

We also obtain as an immediate corollary the following new result, which reduces 
the problem of strong factorization of 3-folds to the case of toroidal morphisms. 

Corollary 0.3. Suppose that the Oda conjecture on strong factorization of birational 
toroidal morphisms of 3-folds is true. Then the Abhyankar, Hironaka strong factor- 
ization conjecture of birational morphisms of complete ( characteristic zero ) 3-folds is 
true. 

Abhyankar's local factorization conjecture [Ab2], which is "strong factorization" 
along a valuation, follows from local monomialization (Theorem A [CI]), to reduce 
to a locally toroidal morphism, and local factorization for toroidal morphisms along 
a valuation Christensen [Ch] (for 3-folds), and Karu [K] in general dimensions. 
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1. An outline of the proof 

We will say a few words about the structure of the proof of Theorem 0.1. Most of 
the proof of Theorem 0.1 is valid for generically finite morphisms of 3- folds. We use 
the fact that a birational morphism / : X — > Y of complete 3-folds is an isomorphism 
in codimcnsion 1 in Y, and has a very simple structure in codimcnsion 2 in Y (is a 
product of blowups of nonsingular curves above the base [Abl] or [D]). The structure 
in codimension 2 is however not that much more difficult in codimension 2 for arbitrary 
dominant morphisms of 3-folds (in characteristic zero). We hope to develop this theme 
in a later paper. 

If A is a nonsingular variety and Dx is a SNC divisor on X, then Dx defines a 
toroidal structure on A". If V is a nonsingular subvariety of X, which is supported on 
Dx and makes SNCs with Dx, then V is a possible center. Let $ : X\ — > X be the 
blow up of V. Then X\ is nonsingular with toroidal structure Dx ± = &~ 1 (Dx)- 

Suppose that / : X — > Y is a birational morphism of nonsingular complete 3-folds 
of characteristic zero, and suppose that Dy is a simple normal crossings divisor on Y 
such that Dx = f*(Dy) is also a simple normal crossings divisor, defining toroidal 
structures on X and Y. Further suppose that the locus of points in X where / is not 
smooth is contained in Dx- We will refer to points where three components of Dy 
(or Dx) intersect as 3-point, points where 2-components intersect as 2-points, and 
the remaining points of Dy (and Dx) as 1-points. 

We develop a series of algorithms to manipulate local germs of our mappings, 
expressed in terms of series and polynomials. We are required to blow up in both the 
domain and target. 

The main result of resolution of singularities [H] tells us that we can construct a 
diagram 

X x 
I \f 
X Y 

where for all points p G X and q — f(p) s Y there are regular parameters x, y, z at p 
and u, v, w at q, which contain local equations of components of Dx and Dy passing 
through these points, such that we have an expression 

u = x a y b z c ji 

v = x d y e z^2 (2) 
w = x 9 y h z l ^3 

where 71 , 72 , 73 are units at p. The algorithms of resolution give us no information 
about the structure of the units 71 , 72 , 73 • In general, we will have that the monomials 
x a y b z c ,x d y e zi ,x 9 y h z l are algebraically dependent. We can then hope to blow up 
nonsingular subvarieties of Y, leading to new regular parameters at a point q' above q 
with regular parameters u' , v' , w' which are obtained by dividing u, v, w by each other, 
we will eventually obtain an expression such as w' — 73 — 73(f)) by this procedure, 
which need not be any better than the expressions we started with for our original 
map f:X->Y. 

In attempting to obtain a sufficiently deep understanding of map germs to prove 
toroidalization, we must understand information about germs such as (2), up to the 
level of a series expansion of the units 7^. In considering this problem, we are led to 
generalized notions of multiplicity, which can actually increase after making blow ups 
above X. In summary, the problem of toroidalization requires new methods, which 
are not contained in any proofs of resolution of singularities. 
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In Definition 3.4 we define a prepared morphism / : X — ► Y of 3-folds. This is 
related to the notion of a prepared morphism from a 3- fold to a surface (Definition 6.5 
[C2]). The basic idea of a prepared morphism of 3-folds is that locally an appropriate 
projection of Y onto a surface S is a toroidal morphism. Some special care is required 
in handling 3-points of Y. If / is prepared, by a simple local calculation involving 
Jacobian determinants, we have very simple expressions of the form Definition 3.1 
and Lemma 3.2 at all points of X. A typical case, when p is a 1-point and q is a 
2-point, is 



where ^ a € k and g(x, y) is a series. 

In Section 4 it is shown that we can construct from our given birational morphism 
/:I-tVa commutative diagram 



where <3>, \& are products of blow ups of nonsingular curves and points, and there 
exists a SNC divisor Dy 1 on Y\ such that Dx 1 = fi 1 (Dy 1 ) is a SNC divisor and /i is 
prepared with respect to Dx x and Dy 1 ■ We also make Dx ± cuspidal for /i (Definition 
3.8). That is, /i is toroidal in a neighborhood of all components of Dx x which do not 
contain a 3-point, and in a neighborhood of all 2-curves of Dx x which do not contain 
a 3-point. 

It may appear that the local forms of a prepared morphism are very simple, and 
we can easily modify them to obtain a toroidal form. However, a little exploration 
with these local forms will reveal that the notion of being prepared is stable under 
blow ups of 2-curves (on Y), but is in general not stable under blow ups of points and 
curves which are not 2-curves (on Y). It also will quickly become apparent that it is 
absolutely necessary to blow up subvarieties of Y other than 2-curves to toroidalizc. 
This leads to the notion of super parameters (Definition 5.5), which is necessary for 
all the blow ups which we consider to preserve the notion of being prepared, and for 
a global invariant r to behave well under blow ups. 

To prove Theorem 0.1, we may assume that / is prepared, and Dx is cuspidal for 
/. These conditions are preserved throughout the proof. 

We define the r-invariant of a 3-point pel (Definition 3.9). Since / is prepared, 
f(p) = 9 is a 2-point or a 3-point. There are regular parameters u 7 v,w in Oy q and 
x,y, z in Ox, P such that xyz — is a local equation of Dx, uv = or uvw = is a 
local equation of Dy and there is an expression 

u — x a y b z c 

v = x d y e z f (3) 
v = Ei>o a i M i + N 
with a t 6 k, M, = x a *y b *z c \ N = x$y h z\ 



u = x a , v = x b (a + y),w = g(x, y) + x c z 
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If q is a 3-point, then 

w = unit series N 

if and only if / is toroidal at p. In this case define Tf(p) = — oo. 
Otherwise, define 

H p = Z(a, b, c) + Z(d, e, /) + ^ Z(a i; 6 i; c t ), 

i 

a _ j Z(a, 6, c) + Z(d, e, /) + Z(a , 60, Co) if q is a 3-point (we have w = unit series M ) 
p ~ \ Z(o, b, c) + Z(d, e, /) if q is a 2-point. 

Now define 

r f (p) = \H p /A p \. 

We define 

Tf(X) = max{r/(p) p G X is a 3-point}. 
We show in Theorem 9.2, that / is toroidal if Tf(X) = —00. 

We have that Tf(X) > or Tf(X) = —00. The proof of Theorem 0.1 is by 
descending induction on Tf(X). In our proof of Theorem 0.1 we may thus assume 
that r = Tf(X) ^ —00 (so that r > 0). 

Step 1. (Theorem 8.10) There exist sequences of blow ups of 2-curves 

I I 
X ^ Y 

such that fi is prepared, Dx t is cuspidal for /1, r/(Xi) = r, and Tf 1 (p) = r implies 
that /i(p) is a 2-point. Theorem 8.10 is a consequence of Theorem 6.10 and the 
concept of 3-point relation (Definition 6.7). 

Step 2. (Theorem 8.11) In this step we construct a commutative diagram of mor- 
phisms 





h 








1* 


X 


Y 



such that 

1. $ and ^ are products of blow ups of possible centers. 

2. Tf 1 (Xi) = r, and if p G X is a 3-point such that Tf 1 (p) = r then fi(p) is a 
2-point. 

3. Dx 1 is cuspidal for f\. 

4. /1 is r-very-well prepared. 

Step 2 is the most difficult step technically. It is the content of Sections 7 and 8. 

The definition of t- very-well prepared is given in Definition 7.6. It uses the concept 
of 2-point relation (Definition 6.6), and requires the preliminary definitions of r-quasi- 
well prepared (Definition 7.1) and r-well prepared (Definition 7.3). 

By virtue of the result of this step, we can assume that / is r-very-well prepared. 
We will also assume that r > 0. The case when r = is actually a little easier, but 
the definition is a bit different. 
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We now summarize some of the properties of a r-very-well-prepared morphism 
(Definition 7.6). 

There exists a finite, distinguished set of nonsingular algebraic surfaces f2(i?j) in 
Y, with a SNC divisor Fi on Cl(Ri) such that the intersection graph of Fi is a tree. 

Suppose that p G X is a 3-point with r/(p) = r (so that q = f(p) is 2-point). Then 
the following conditions hold. 

1. The expression (3) has the form 

w = 7 M (4) 

where 7 is a unit series, Mq — u a v b 1 with a, b, e G Z, e > 1, and gcd(a, 6, e) = 
1. Observe that we cannot have both a < and 6 < 0, since M , w, u are all 
monomials in x,y, z. 

2. Suppose that V is the curve in Y with local equations u = w = (or v = w = 
0) at q. Then V is a ^-permissible center (Dchnition 7.9). That is, V is a 
possible center for Dy and there exists a commutative diagram of morphisms 

X 1 A Y x 

$ij |*i (5) 

X ^ Y 

where ^\ is the blow up of V (possibly followed by blow ups of some special 2- 
points), such that /1 and / = ^i °/i : X\ — > F are prepared, (Xi) < t and 
$1 is toroidal at 3-points p\ E ^ 1 (p). Further, fx is r-very-well prepared. 

3. There exists a surface Vt{Ri) such that 

a. /(p) = « e 

b. The w of (4) gives a local equation w = of f2(i?j) at g. 

c. = is a local equation of Fi (on the surface fl(Ri)) at g. 

The necessity of several different surfaces fl(Ri) arises because of the possibility 
that there may be several 3-points pj with Tf(pj) — t which map to q, and require 
different w in their expressions (4). We require that the surfaces Q(-Rj) intersect in a 
controlled way. 

The first step in the construction of a r-very well prepared morphism is the con- 
struction of a morphism such that for all 3-points p with 17 (p) = r, an expression (4) 
holds for some possibly formal w. 

Step 3. (Theorem 9.1) We construct a commutative diagram 

y hi v 

I I 

X ^ Y 

such that Tf n (X n ) < t. By induction on r, we then obtain the proof of Theorem 0.1. 

We fix an index i of the surfaces fl(Ri). A curve E on Y is good if it is a component 
of Fi, and if j is such that E (~l Ci(Rj) ^ 0, then E is a component of Fj. 

In our construction we begin with i = 1, and blow up a good curve V on Y, by a 
morphism (5). Part of the definition of r-very-well prepared implies the existence of 
a good curve. Suppose that p e X is a 3-point with 77 (X) = t and g = /(p) e V". 
Suppose that pi € ^j" 1 ^) is a 3-point. Set q\ = /i(pi). If V has local equations 
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u = w = at q, then q\ has regular parameters ui,v, wi with 

u = uiwi,w — wi (6) 

or 

u = tii, w = ui(wi + a) (7) 

and a£k. 

If (6) holds then qi is a 3-point. Since e > 1, we have 

r fl (pi) = \H P /A P + M Z| < \H P /A P \ = t. 

If (7) holds, then e > 1 implies a = 0. Thus /i has the form (3), (4) at pi with 
(a,b, e) changed to (a — e,b, e). If V has local equations v = w = 0, then /i has the 
form (3), (4) at pi with (a,b, e) changed to (a, 6 — e, e). 

We have SNC divisors ^ 1 (F i ) on the surfaces If there are no 3- 

points pi in X\ satisfying 1, 2 and 3 of Step 2 for $j~ 1 (rj(i?i)), then wc increase i to 
2. 

Otherwise, there exists a good curve on Y\ for the SNC divisor $ _1 (Fi) on the 
surface <&T (fi(-Ri))). We continue to iterate, blowing up good curves. If we always 
have a 3-point satisfying 1, 2 and 3 for the preimage of fl(Ri), then we eventually 
obtain a form (4) with both a < and b < which is impossible. 

We then continue this algorithm for the preimages of all of the surfaces fl(Ri). The 
algorithm terminates in the construction of a morphism with a drop in r as desired. 

The final proof of Theorem 0.1 is given after Theorem 9.2. 

2. Notation 

Throughout this paper, k will be an algebraically closed field of characteristic zero. 
A curve, surface or 3-fold is a quasi-projective variety over k of respective dimension 
1, 2 or 3. If A is a variety, and p E X is a nonsingular point, then regular parameters 
at p are regular parameters in Ox.p- Formal regular parameters at p are regular 
parameters in Ox,p- If X is a variety and V C X is a subvariety, then Ty C Ox will 
denote the ideal sheaf of V. If V and W are subvarieties of a variety X, we denote 
the scheme theoretic intersection Y = spcc(Ox /Iv +%w) by Y = V ■ W. 

Suppose that a, b, c, d G Q. Then we will write (a, b) < (c, d) if a < b and c < d. 

A toroidal structure on a nonsingular variety A is a simple normal crossing divisor 
(SNC divisor) D x on A. 

We will say that a nonsingular curve C which is a subvariety of a nonsingular 3-fold 
A with toroidal structure Dx makes simple normal crossings (SNCs) with Dx if for 
all p G C, there exist regular parameters x,y, z at p such that x = y = are local 
equations of C, and xyz = contains the support of Dx at p. 

Suppose that A is a nonsingular 3- fold with toroidal structure Dx ■ If p € Z?x is 
on the intersection of three components of Dx then p is called a 3-point. If p e Dx 
is on the intersection of two components of Dx (and is not a 3-point) then p is called 
a 2-point. If p e is not a 2-point or a 3-point, then p is called a 1-point. If C 
is an irreducible component of the intersection of two components of D x , then C is 
called a 2-curve. S(A) will denote the closed locus of 2-curves on A. 

By a general point q of a variety V, we will mean a point q which satisfies conditions 
which hold on some nontrivial open subset of V. The exact open condition which we 
require will generally be clear from context. By a general section of a coherent sheaf 
T on a projective variety A, we mean the section corresponding to a general point of 
the k-linear space T(X,J 7 ). 
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If X is a variety, k(X) will denote the function field of X . A O-dimensional valuation 
v of k(A) is a valuation of k(A) such that k is contained in the valuation ring V v of 
v and the residue field of V v is k. If X is a projective variety which is birationally 
equivalent to X, then there exists a unique (closed) point p\ G X\ such that V v 
dominates Ox llPl - Pi is called the center of v on X\. If p G X is a (closed) point, 
then there exists a O-dimensional valuation v of k(X) such that K, dominates 0x,p 
(Theorem 37, Section 16, Chapter VI [ZS]). For a\, . . . , a n € k(A), f(ai), . . . , v{a n ) 
are rationally dependent if there exist a.\,... ,a n G Z which are not all zero, such 
that a\v{ai) + ■ ■ ■ a n v{a n ) = (in the value group of v). Otherwise, v{a\), . . . , u{a n ) 
are rationally independent. 

If / : X — > Y is a morphism of varieties, and D is a Cartier divisor on Y, then 
f^ 1 (D) will denote the reduced divisor f*(D) re d- 

3. Prepared, monomial and toroidal morphisms 

Throughout this section we assume that / : X — > Y is a dominant morphism of 
nonsingular 3- folds, Dy is SNC divisor on Y such that Dx = f~ 1 {Dy) is a SNC 
divisor, and the singular locus of / is contained in Dx- Dx and Dy define toroidal 
structures on X and Y . 

A possible center on a nonsingular 3-fold X with toroidal structure defined by a 
SNC divisor Dx, is a point on Dx or a nonsingular curve in Dx which makes SNCs 
with Dx ■ A possible center on a nonsingular surface S with toroidal structure defined 
by a SNC divisor D$ is a point on Dg. 

Observe that if $ : X\ — > X is the blow up of a possible center, then Dx 1 = 
$ _1 (Dx) is a SNC divisor on X\. Thus Z?Xi defines a toroidal structure on X\. All 
blow ups $ : Xi — > A" considered in this paper will be of possible centers, and we will 
impose the toroidal structure on X\ defined by Dx 1 = $~ 1 {Dx)- 

Suppose that x, y, z are indeterminants, and Mi, M2, . . . , M r are Laurent mono- 
mials in x, y, z, so that there are expressions 

M^x^y^z^ 

with all ciij in Z. We define 

rank( a , i j /iZ )(Mi, . . . ,M r ) = n 

if the matrix (a^ ) has rank n. If there is no danger of confusion, we will denote 

rank(Mi, ... ,M r )= rank (X;!/)2) (Mi , ... ,M r ). 

Suppose that q G Y. We say that u 7 v 7 w are (formal) permissible parameters at q 
if m, v, w are regular parameters in Oy, q such that 

1. If q is a 1-point, then u G CV,<j and u — is a local equation of Dy at q. 

2. If g is a 2-point then u, v G Oyg and to = is a local equation of Dy at q. 

3. If q is a 3-point then u, v, w G Oy g and www = is a local equation of Dy at 

u, v, w are algebraic permissible parameters if we further have that u,v,w G Oy. q . 

Definition 3.1. Suppose that u,v,w are (possibly formal) permissible parameters at 
q G Y. Then u,v are toroidal forms at p G f^ 1 (q) if there exist regular parameters 
x, y, z in Ox, P such that x = 0, xy = or xyz = are local equations of Dx and 
1. q is a 2-point or a 3-point, p is a 1-point and 

u = x a ,v = x b (a + y) (8) 

where / a £ k. 
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2. q is 2-point or a 3-point, p is a 2-point and 

u = x a y b ,v = x c y d (9) 

with rank(u, v) — 2. 

3. q is a 2-point or a 3-point, p is a 2-point and 

u=(x a y b ) k ,v=(x a y b ) t (a + z) (10) 

where ^ a £ k, a, b, k, t > and gcd{a, b) = 1. 

4. q is a 2-point or a 3-point, p is a 3-point and 

u = x a y b z c ,v = x d y e z f (11) 

where rank(u,v) — 2. 

5. q is a 1-point, p is a 1-point and 

u = x a ,v = y (12) 

6. q is a 1-point, p is a 2-point and 

u = {x a y b ) k ,v = z (13) 

with a,b,k > and gcd(a, b) = 1 

Regular parameters x, y, z as in Definition 3.1 will be called permissible parameters 
for u, v, w at p. 

Lemma 3.2. Suppose that q G Y , p G f^ 1 {q) and u, v, w are permissible parameters 
at q such that u, v are toroidal forms at p. Then there exist permissible parameters 
x, y, z for u, v,w at p such that an expression of Definition 3.1 holds for u and v, and 
one of the following respective forms for w holds at p. 

1. q is a 2-point or a 3-point, p is a 1-point, u,v satisfy (8) and 

w = g(x,y)+x c z (14) 

where g is a series. 

2. q is 2-point or a 3-point, p is a 2-point, u,v satisfy (9) and 

w = g(x,y) + x e y } f z (15) 

where g is a series. 

3. q is a 2-point or a 3-point, p is a 2-point, u,v satisfy (10) and 

w = g(x a y b ,z) + x c y d (16) 

where g is a series and rank(u, x c y d ) = 2. 

4. q is a 2-point or a 3-point, p is a 3-point, u,v satisfy (11) and 

w = g(x,y,z) + N (17) 

where g is a series in monomials M in x,y,z such that rank(u,v, M) = 2, 
and N is a monomial in x, y, z such that rank(u, v, N) = 3. 

5. q is a 1-point, u,v satisfy (12) and 

w = g(x,y)+x c z (18) 

where g is a series. 

6. q is a 1-point, p is a 2-point, u,v satisfy (13) and 

w = g(x a y b ,z) + x c y d (19) 
where g is a series and rank(u,x c y d ) = 2. 
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Proof. Choose permissible parameters x, y, z for u, v, w at p. The Lemma follows from 
an explicit calculation of the jacobian determinant 

( du du du 
dx dy dz 
dvdv_dv 
dx dy dz 
dw dw dw 
dx dy dz 

and a change of variables of x,y, z. Observe that J = is supported on Dx, since 
the singular locus of / is contained in Dx- 

We indicate the proof if (11) holds at p. There exists a unit series 7 in x, y, z and 
l 7 m,n E N such that J = r yx l y m z n . Write w as a series 

w = ^Cij k x l y>z k 

with djk £ k. We compute 

a b c 



J = CjjfcDet [ d e f 
i j k 



x a+d+i-lyb+e+j-l z c+f+k-l _ j X l y m z n 



from which we obtain forms (11) and (17), after making a change of variables in 
x, y, z, multiplying x, y, z by appropriate unit series. □ 

Definition 3.3. Let notation be as in Lemma 3.2. If p e X is a S-point, we will say 
that permissible parameters u,v,w at q = f(p) have a monomial form at p if there 
exist permissible parameters x, y, z for u, v,w at p such that there is an expression 

u — x a y b z c 
v = x d y e zf 



w = x 9 y h z u 



( with rank(u, v,w) =3). 



Definition 3.4. A birational morphism f : X — > Y of nonsingular 3-folds with 
toroidal structures determined by SNC divisors Dy, Dx = f~ 1 {Dy) such that the 
singular locus of f is contained in Dx is prepared if: 

1. If q EY is a 3-point, u,v,w are permissible parameters at q and p G f~ 1 {q), 
then u, v and w are each a unit (in Ox, P ) times a monomial in local equations 
of the toroidal structure Dx at p . Furthermore, there exists a permutation 
of u, v, w such that u, v are toroidal forms at p. 

2. If q 6 F is a 2-point, u,v,w are permissible parameters at q and p E f~ 1 (q), 
then either 

(a) u, v are toroidal forms at p or 

(b) p is a 1 -point and there exist regular parameters x,y,z 6 Ox, P such that 
there is an expression 

u = x a 

v = x c (j(x, y) + x d z) 
w =y 

where 7 is a unit series and x = is a local equation of Dx , or 

(c) p is a 2-point and there exist regular parameters x, y, z in Ox, P such that 
there is an expression 

u = (x a y b ) k 

v =(x a y b ) l (j(x a y b ,z)+x c y d ) 
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where a, b > 0, gcd(a, b) — I, ad — be =/= 0, 7 is a unit series and xy = 
is a local equation of Dx ■ 
3. If q EY is a 1-point, and p G then there exist permissible parameters 

u, v,w at q such that u,v is a toroidal form at p. 

We call x, y, z in 2 (b) or 2 (c) of Definition 3.4 permissible parameters for u, v, w 
at p. 

Lemma 3.5. Suppose that X , Y are projective, f : X — > Y is birational, prepared and 
q G Y is a 1-point such that f is not an isomorphism over q. Then the fundamental 
locus of f contains a single curve C passing through q and C is nonsingular at q. 

Furthermore, there exist algebraic permissible parameters u,v,w at q such that a 
form (12) or (13) of Definition 3.1 (for this fixed choice ofu,v,w) holds at p for all 

Proof. Since for all p G f~ 1 (q), there exist permissible parameters at q such that a 
form (12) or (13) of Definition 3.1 holds at p, we have that dim f^ 1 (q) = 1. Thus if 
E' is an exceptional component of / such that q G /(£"), then f(E') is a curve. 

Let D be the component of Dy containing q. Let F be the strict transform of D on 
X and let p G f~ 1 (q) H F. Then p must be a 2-point, and since / is birational, there 
exist permissible parameters u, v, w at q such that there is an expression in Ox, P 

u = x a y 
v = z 

w — <p(x a y, z) + x d y e 

where y — is a (formal) local equation of F, and x — is a (formal) local equation 
of the other component E of Dx containing p. Computing the Jacobian determinant 
of / at p, we see that e = 0. We consider the morphism /* : Oo, q — » Of. p - f* ■ 
On,q — > Of, p is the k-algebra homomorphism /* : k[[t7, w]] — > k[[x, z]] given by v = z, 
w = 4>(0,z) + x d . Thus Of, p is finite over Oo,q- It follows that /* : Oo, q — » 
is quasi-finite, and thus C?F.p — 0d,? by Zariski's Main Theorem. In particular, 
{p} = J 1 (?) l~l F. We thus have that the only component of the fundamental locus 
of / through q is the algebraic curve C = f(E), which has analytic local equations 
u = w — <j>(u, v) — at q. Thus C is nonsingular at q. 

If £" is a component of the exceptional locus of / such that q G f(E'), we must have 
that f(E') = C. Now let u, v, w be permissible parameters at q such that u = w = 
are local equations of C at q. We see that u,v,w must have a form (12) or (13) of 
Definition 3.1 for all p G / _1 (#). 

□ 

Lemma 3.6. Let notation be as in Definition 3.4, and suppose that X and Y are 
projective. 

1. If q £F is a 2-point (or a 3-point) and for all p G f^ 1 (q) there exist permis- 
sible parameters u p ,v p ,w p at q which satisfy one of 2 (a) - 2 (c) of Definition 
3.4 (or one of (8) - (11) of Definition 3.1) at p, then any permissible param- 
eters u,v,w at q satisfy 2 (or 1) of Definition 3.4 for all p G f^ 1 (q). 

2. If f : X — > Y is prepared and q GY is a 1-point, then there exist permissible 
parameters u,v,w at q such that for all p G f^ 1 (q), u,v are toroidal forms in 
local equations at p of the toroidal structure. 

Proof. 1 follows from the definitions, and a local calculation. The most difficult case 
to verify is when q G Y is a 2-point, u,v,w are permissible parameters at q, p G f~ x (p) 
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is a 2-point, and u p ,v p , w p have a form 2 (c) at p, 

u p = (x a y») k ,v p = (x a y b ) l ( 1 (x a y b ,z) + x c y d ), w p = 

First observe that if u = v p , v = u p , w = w p , we can find regular parameters x,y,z in 
Ox.p such that u, v, w have a form 2 (c) with respect to x,y,z. 

By the formal implicit function theorem, we have reduced to the case where there 
exist unit series 71, 72, 73 in the variables u, v, w and a series A in u, v (with no constant 
term) such that 

u = 71 Up, v = 72« p , w = 7 3 (w P + A). 
There exist unit series a\,a 2 G Ox, P such that if x\ — a{x, y\ — a2y, z\ — u>, then 
Xi,y\,z\ are regular parameters in Ox, P such that 

u = llUp - (xlylf, v = {xlyiyiw^lil^xlylz) + x c iy f),w = z x . 

(20) 

We have 

= 1 -^x\y\ 

and ^ 

There exist series g, h, hi such that 

z = w p = g(u, w) + vh(u, v, w) 

= g(u,w) + {xly\) l h 1 {xly\ 1 x\yf 1 z l ,x a y b 1 x c y d ,z) 

and there exists a series h 2 such that 

v = (x a 1 y b i yh 2 (x a 1 y b 1 ,x c 1 y d ,z 1 ,x a y b ,x c y d ,z). 

By iteration, we see that there exists a series 172 such that 

z = g 2 (x a 1 y b ,z 1 ) mod (x c + 1 yt +1 ), (21) 

and there exists a series /13 such that 

v = h 3 (x a iy b , Zl ) mod (xfY +1 ). (22) 
1 1 , _ 

Substituting equations (21) and (22) into 727! fc 7(7i k Xiyi,z) in (20), we see that 
there exist unit series 7 and r such that 

v=(x a 1 y b ) l (-f(x a 1 y b ,z 1 )+x c 1 ytr). 

Finally, we can find unit series a\, a 2 in x\,y\,zi such that if we set 

x = xiot!,y = yia 2 ,z = z 1} 

then u, v, w have an expression of the form 2 (c) in terms of x, y, z. 

2 follows from Lemma 3.5. □ 

Definition 3.7. flKKMS], [AK]) A normal variety ~X with a SNC divisor on ~X 
is called toroidal if for every point p G X there exists an affine toric variety X a , a 
point p' E X a and an isomorphism of k- algebras 

6x, p = 6 Xa , pl 

such that the ideal of D-^ corresponds to the ideal of X a —T( where T is the torus in 
X a ). Such a pair {X a ,p') is called a local model at p G X . is called a toroidal 

structure on X. 

A dominant morphism $ : X — > Y of toroidal varieties with SNC divisors Dy on 
Y and D-^ = &~ 1 (Dy) on X, is called toroidal at p E X , and we will say that p is a 
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toroidal point of $ if with q — Q(p), there exist local models (X a ,p') at p, (Y T ,q') at 
q and a toric morphism : X a — > Y T such that the following diagram commutes: 

$* | <j>* | 

<f> : X — > y is called toroidal (with respect to Dy and Djf) if $ is toroidal at all 

pel. 

The following is the list of toroidal forms for a dominant morphism / : X — > Y 
of nonsingular 3-folds with toroidal structure Dy and Dx = f~ 1 {Dx)- Suppose 
that p G Dx, q = f{p) G D Y , and / is toroidal at p. Then there exist permissible 
parameters u,v,w at g and permissible parameters x,y,z for u 7 v,w at p such that 
one of the following forms hold: 

1. p is a 3-point and q is a 3-point, 

u — x a y b z° 
v = x d y e zf 
w — x 9 y h z\ 

where a, b, d, e, f,g,h,iGN and 

(a b c \ 
d e / 7^0. 
g h i J 

2. p is a 2-point and g is a 3-point, 

u = x a y b 

d e 
V = X y 

w =x 9 y h (z + a) 

with O^aek and a, b, d,e,g,h G N satisfy ae — bd ^ 0. 

3. p is a 1-point and g is a 3-point, 

u = x a 

v = x d (y + a) 

w = x 9 (z + (3) 

with a, [3 G k, a, d, g > 0. 

4. p is a 2-point and g is a 2-point, 

u = x a y b 

d e 

v = x a y e 
w = z 

with ae — bd ^ 

5. p is a 1-point and g is a 2-point, 

u = x a 

v = x d (y + a) 

w = z 

with ^ a G k, a, d > 0. 

6. p is a 1-point and g is a 1-point, 

u = x a 
v =y 

w = z 



14 



STEVEN DALE CUTKOSKY 



with a > 0. 

Definition 3.8. Suppose that f : X — > Y is a prepared morphism. Then Dx is 
cuspidal for f if: 

1 . If E is a component of Dx which does not contain a 3-point then f is toroidal 
in a Zariski open neighborhood of E. 

2. If C is a 2-curve of X which does not contain a 3-point then f is toroidal in 
a Zariski open neighborhood of C . 

Definition 3.9. Suppose that f : X — > Y is prepared, andp G X is a 3-point. Suppose 
that u, v, w are permissible parameters at q = f(p). Then there is an expression (after 
possibly permuting u, v,w if q is a 3-point) 

u = x a y b z c 

v = x d y e z f (23) 

w =Ei>O a i M i + N 

where x, y, z are permissible parameters at p for u, v, w, rank(u, v) = 2, the sum in w 
is over (possibly infinitely many) monomials Mi in x, y, z such that rank(u, v, Mi) = 2, 
deg(Mi) < deg(Mj) if i < j, N is a monomial in x,y,z such that rank(u,v, N) = 3 
and N jfMi for any Mi in the series on^i- 

If q is a 3-point and u,v,w is not a monomial form (at p), we necessarily have 
(since f is prepared) that 

Y j a i M i = M 0l (24) 
where 7 is a unit series in the monomials -pj (in x,y,z) such that 

rank(u, v, Mo) = rank(u, v, ^j-) = 2 

M 

for all i, and M | N. 

If q is a 3-point and u,v,w have a monomial form at p, so that w — N, define 
r(p) = Tf(p) = —00. Otherwise, define a group H p = Hf tP as follows. The Laurent 
monomials in x,y, z form a group under multiplication. We define H p = Hf lV to be 
the subgroup generated by u,v and the terms Mi appearing in the expansion (23). We 
will write the group H p additively as: 

H p = H Lp = Zu + Zv + ^Mi- 
Define a subgroup A p of H p by: 

^ _ ^ _ ( Zu + Zv + ZM if q is 3-point 
p ~ f ' p ~~ 1 Zu + Zv if q is a 2-point. 



Define 



L p — Lj_p — Hp/Ap, 
r(p) = T f (p) =\ L p \ . 



Observe that r(p) < 00 in Definition 3.9, since H p is a finitely generated group, 
and H p /Ap is a torsion group. 
We define 

t(X) = Tf(X) = max{r/(p) | p £ X is a 3-point}. 

Lemma 3.10. Tf(p) is independent of choice of permissible parameters u,v,w at 
q = f(p) and permissible parameters x, y,z at p for u, v, w. 
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Proof. Suppose that q e Y is a 3-point. 

The condition r(p) = — oo is independent of permuting u, v, w, multiplying u, v, w 
by units in Oy.q and multiplying x, y, z by units in Ox.p so that the conditions of (23) 
hold. Thus t(p) = — oo is independent of choice of permissible parameters at (the 
3-points) q and p. 

Suppose that u,v,w are permissible parameters at q and x,y,z are permissible 
parameters at p for u, v, w satisfying (23). Let r be the computation of r(p) for these 
variables. 

Suppose that u, v, w is another set of permissible parameters at q, and x, y, z are 
permissible parameters for u, v, w at p, satisfying (23). Let t\ be the computation for 
r(p) with respect to these variables. We must show that r = t\. We may assume 
that r > and t\ > 0. 

Since p and q are 3-points, u, v, w can be obtained from u, v, w by permuting the 
variables u, v, w and then multiplying u, v, w by unit series (in u, v, w). x, y, z can be 
obtained from x, y, z by permuting x, y, z and then multiplying x, y, z by unit series 
(in x,y,z). 

We then reduce to proving the following: 

1. Suppose that u 7 v,w is a permutation of u,v,w such that u, v are toroidal 
forms at p. Then there exist permissible parameters x,y,z at p for u,v,w 
such that a form (23) holds, and n = r. 

2. Suppose that u, v, w are obtained from u, v, w by multiplying u, v, w by unit 
series. Then there exist permissible parameters x,y,z at p for u,v,w such 
that a form (23) holds, and n = r. 

3. Suppose that u = u, v = v and w = w and x,y,z, x,y,z are two sets of 
permissible parameters for u,v,w. Then t\ = r. 

We now verify 1. The case when u — v,v — u, w — wis immediate. We will verify 
the case when u = w, v = v and w — u. Since the symmetric group 53 is generated 
by the permutations (12) and (13), the remaining cases of 1 will follow. 

Since r > 0, and u, v, w have a form (23) at p, we have rank(w, M ) = 2. Since 
w,v are toroidal forms at p, there exist permissible parameters x,y 7 z at p such that 
(in this order) have an expression of the form of (23) in terms of x,y,z. We 
will show that there is an isomorphism of the corresponding group H (computed for 
these variables) and the group H computed for u,v,w and x,y,z which takes the 
corresponding group A to A. 

With the notation of (24), we have 

w = M {"f + N ) 

where iVo = -p- is a monomial in x,y, z. 

Set M = M , Mi = for all Mi appearing in the series X)i>i a i^i- Thus 
7 = «o + X)i>i a iMi- There exist a^, bi, c; t e N such that 

Mi = x a *y h z c > 

for < i. 

H =Zu + Zv + J2,> ZMi 
= Zu + Zv + Y,i> ZMi. 

Define a finite sequence 



1 = ,i(l) < M (2) < • • • < Kr) 
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(for appropriate r) so that 



if < n < + 1) and 



Set 



H(r) oo 

i=l i=l 

M(i) n 

i=l i=l 

m(j') mO+i) 

i=l i=l 



G, = ^ ™ % . 

i=i 

There exist fcj, U G Z and e,eN with gcd(ej, fcj, Zj) = 1 such that M/ = u fei i; /i for 
i G {0, . . . , ^(r)}, and there exist h, i € N such that 7V = x 9 y h z l . Thus iJ is 
(isomorphic to) the subgroup of Z 3 generated by 

Si = (a, b, c), 5 2 = (d, e, /), e = (a , &o, Co), 

e M(l) = ( a M(l)' & P(1)' C P(1))' ■ • ■ ' £ A<(~) = ( a M(~)' ^(~)> C M(~))- 

A is the subgroup with generators Si, S2 and eo- 

Since rank(w, M ) = 2, we can make a change of variables 

x = x\i,y = y\ 2 , z = z\ 3 

where A, = (7 + A r o) /3i for some fa G Q, so that 

A" A2 A3 =(-f + N )- 1 



>j ^ 2 ,<v 3 

A^A^Ag = 1 
A?A^A§ =( 7 + ATo)* 



for some t G Q. Since u, w, w are algebraically independent in Ov, P (by Zariski's 
subspace theorem, Theorem 10.14 [Ab]), we have that t ^ 0, and 



w = x ao y b °z c ° 
v = x y z J 



u — x a y h z c ( r ) t + x 9 y h z l j 2 ) 

where 72 is a unit series in x, y, J. 
Set Mi = x a *y b *z c > for i > 1. 

OO 

l{x,y,zf = mod (x,y,z)N 

3=0 

where each qj is a series in monomials of degree j in {Mj | i > 1}, and 

00 

9o = ao,9i = J^CTiMj 

i=i 

with 

„. _ i -t-l+a l l3 1 +b z p 2 +c z 3 

for i > 1. Let 

00 
i=i 
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There exists a unit series 72 such that 

u = x a y b z c (ui + x 9 y h z i 7 2 ). 

We now see that the coefficient of for 1 < j < r in the expansion of uo as a 

series in x,y,z is If not, there would exist a relation = M ix ■ ■ ■ M iri for 

some n > 1. Thus ii, . . . ,i n < and G^y) = a contradiction. 

Since 

(a 6 c \ 
d e / ^0, 
g h i j 

there exists a change of variables 

x = x<f>i,y = y4> 2 ,z = z<p 3 
where (f>i,<p2, 4>3 are unit series in x,y,z such that 

<t>?<f>?<t>f =1 

4° : 4° : <t>i° =1 

^4 =7 2 _1 - 
Since ei(a i; 6 i? Cj) = /ci(a, 6, c) + ij(d, e, /) for z > 0, we have an expression 

w = x a °y b °z c ° 

v — x d y e zf 

u = x a y b z c (uj + x 9 y h z l ) 

and Mi = x ai y bi z Ci rji for some e^-th root of unity r\i in k for all 1 < i. 
H is thus (isomorphic to) the subgroup of Z 3 with generators 

81, #2, eo, e^(i), ■ • • , e^(-), 

defined by 

£1 = (a ,b ,c ), S 2 = {d,e,f),e = (a,b,c), 

V(l) = ( a M(l)' C Ai(l))' ' ' • = (°M(~)> ^(~)> C M(~))- 

A is the subgroup of if generated by 81,62 and eo- Thus, we have an isomorphism 
of H with H which takes A to A by mapping S\ to eo, #2 to 62, eo to (5i and Ci to e^ 
for i e . . . ,n(r)}. 

We have thus completed the verification of 1. The verification of 2 and 3 follows 
from simpler calculations. We thus obtain the conclusions of the lemma when q is a 
3-point. 

Now assume that q G Y is a 2-point. r(p) is independent of interchanging u and 
t> , multiplying u and w by unit series in Oy, qj and permuting x, y, z and multiplying 
x,y,z by unit series in Ox, P , so that the conditions of (23) hold. If we replace w 
by w 1 <G Oy, q so that u 7 v,w' are permissible parameters at g, then by the formal 
implicit function theorem, there exists a unit series a(u, v,w) € Oy, q and a series 
(3(u,v) G k[[u,w]] such that w = a^ 1 (w' — (3(u,v)). 

There exists a series (j) in x,y,z such that 

a(u, v, w) — a(u, v, ^ o^Mi + N) = a(u, v, ^ Q-iMi) + N(f>. 

Then 

w' = (3(u, v) + a(u, v, aiMi)Q2 aiMi) + N[a{u, v, ^ 0^) + a j M j )0 + JV^]. 

Now as in the calculation we make in the verification that t\ = r in the case when 
q is a 3-point, we see that there exist permissible parameters x,y,z for u,v,w' at p 
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such that n = r (where r is computed for u, v, w and x, y, z and r' is computed for 
u, v, w' and x, y, z). Thus r(p) is independent of choice of permissible parameters at 
q and p when q is a 2-point. 

□ 

Lemma 3.11. Suppose that X is a nonsingular 3-fold with SNC divisor Dx, defining 
a toroidal structure on X. Suppose that I is an ideal sheaf on X which is locally 
generated by monomials in local equations of components of Dx ■ Then there exists a 
sequence of blow ups of 2-curves <J>i : X\ — ► X such that XOx ± is an invertible ideal 
sheaf. If X is locally generated by two equations, then $! is an isomorphism away 
from the support ofl. 

This lemma is an extension of Lemma 18.18 [C2], and is generalized to all dimen- 
sions in [G]. 

Proof. X has a cover by affinc open sets U\ , . . . ,U n such that there exist y^ i , . . . , gu G 
T(Ui,Ox) such that gij — are local equations in Ui of irreducible components of 
Dx, and there exist . . . , fi tTn {i) G r(£7j, Ox) such that the fcj are monomials in 
the g i>k and Y{U l ,X) = (/j i, . . . , fi, m {i))- 

Let Dij be an effective divisor supported on the components of Dx such that 
there is equality of divisors D^ n U = (fij) H U. Let Zj C Ox be the ideal sheaf 
which is locally generated by local equations of . . . ,D i m ^. By construction, 
li\Ui=l\Ui for all i. 

We will show that for an ideal sheaf of the form X\ , there exists a sequence of blow 
ups of 2-curves, tt : X\ — > X such that XiOx ± is invertible. Since XiOx x are locally 
generated by local equations of 7r*(£>j i i), . . . , 7r*(D^ m ( i )), there exists tt 2 : X 2 — > X 
which is a sequence of blow ups of 2-curves such that IiOx 2 is invertible for all i. 
Since IiOx 2 I 7r 2^ 1 (C^i) = ^Cx 2 I 7r 2^ 1 (^i) f° r au * 5 is invertible. 

We may now suppose that there exists n > and effective divisors Dx , . . . , D n on 
X whose supports are unions of components of Dx , such that 1 is locally generated 
by local equations of D\, . . . , D n . 

First suppose that n = 2. Suppose that p G I is a general point of a 2-curve C. 
Let x = 0, y = be local equations of the components of Dx containing p. x = y = 
are local equations of C at p. Then there exist a, 6, c, d € N such that £>i is defined 
near p by the divisor of x a y fc , and D 2 is defined near p by the divisor of x c y d . Define 

{max{(|a — c|, \b — d\), (\b — d\, \a — c|)} if a — c, b — d arc nonzero 
and have opposite signs, 
— oo otherwise 

Here the maximum is computed in the lexicographic order. We see that the stalk T p 
is invertible if and only if u>(C) = — oo. 

Further, if uj(C) = — oo for all 2-curvcs C of X, then X is invertible, as follows since 
the divisors D\ and D 2 are given locally at a 3-point p by the divisors of monomials 
x a y b z c and x d y e zf where xyz — is a local equation of Dx at p. a — d and b — e 
have the same signs, a — d, c — / have the same signs, and 6 — e, c — / have the same 
signs, so x a y h z c \x d y e 7j or x d y e z^ | x a y b z c . 

Now define 

= max{w(C) | C is a 2-curve of X}. 

We have seen that T is invertible if and only if ZJ(X) = — oo. Suppose that oJ(X) 7^ —00 
and C is a 2-curve of X such that u>(C) = uj(X). Let ir : X\ — > X be the blow up of 
C. Let D Xl = tt-^Dx) = n*(D x )red, D[ = 7r*(Di), - ^*( J D 2 ). 
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We can define the function oj for 2-curves on X\ , relative to D[ and D' 2 , and define 
SJOXi) ■ 

By a local calculation (as shown in the proof of Lemma 18.18 [C2]) we see that 
w(Ci) < TJ(X) if Ci is a 2-curve which is contained in the exceptional divisor of ir. 

Suppose that C\, . . . ,C r are the 2-curves C on X such that oj(C) — uj(X). We 
obtain a reduction W(X\) < cJ(X) after blowing up (the strict transforms of) these 
r curves. By induction on ZJ(X), we must obtain that XOx 2 is invertible after an 
appropriate sequence of blow ups of 2-curves X 2 — > X. 

Now suppose that X is locally generated by local equations of D\ , . . . , D n (with 
n > 2). Let Xi C X be the ideal sheaf which is locally generated by local equations 
of Di and D 2 . We have seen that there exists a sequence of blow ups of 2-curves 
tti : Xi — > X such that TiOxi is invertible. Thus there exists a divisor D on Xi 
whose support is a union of components of Dx x such that X\ Ox x is locally generated 
by a local equation of D. 

Let Di = nl(Di) for 3 < i < n. Then XOx ± is locally generated by local equations 
of the n — 1 divisors D,D 3 , . . . , D n . By induction, there exists a sequence of blow 
ups of 2-curves X 2 — > X such that XOx 2 is invertible. 

□ 

Lemma 3.12. Suppose that f : X — > Y is a prepared morphism, and C is a 2-curve 
in Y . then there exists a sequence of blowups of 2-curves $ : X\ — > X such that 
IpOjj is invertible and $ is an isomorphism over — C). 

Proof. The Lemma is a consequence of Lemma 3.11. □ 

Lemma 3.13. Suppose that X is a nonsingular 3-fold with SNC divisor Dx, defining 
a toroidal structure on X. Suppose that X is an ideal sheaf on X which is locally 
generated by monomials in local equations of components of Dx ■ Then there exists 
a sequence of blow ups of 2-curves and 3-points $1 : X\ — > X such that XOx x is an 
invertible ideal sheaf and $1 is an isomorphism away from the support ofX. 

The proof of this lemma follows from the proof of principalization of ideals, as in 
[BEV] or [BrM] (cf. the proof of Theorem 6.3 [C3]) in the case when the ideal to be 
principalized is locally generated by monomials in the toroidal structure. 

4. Preparation 

The following theorem is Theorem 19.11 [C2], with the additional conclusions that 
all 2-curvcs of X 2 contain a 3-point, and all components of Dx 2 contain a 3-point. 

Theorem 4.1. Suppose that $ : X — > S is a dominant morphism from a nonsingular 
3-fold X to a nonsingular surface S and D$ is a SNC divisor on S such that Dx = 
&~ 1 (Ds) is a SNC divisor which contains the singular locus 0/$. Further suppose 
that every component of Dx contains a 3-point and every 2-curve of X contains a 
3-point. 

1. Then there exists a sequence of blow ups of possible centers ct\ : X\ — > X such 
that 

(a) The fundamental locus of a\ is contained in the union of irreducible 
components E of Dx such that E contains a point p such that $ is not 
prepared at p (Definition 6.5 [G2]). 

(b) $1 = $ o a>i : X\ — > S is prepared (Definition 6.5 [C2]) 

(c) Each 2-curve of Xi contains a 3-point and each component of Dx 1 = 

(Dx) contains a 3-point. 
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2. Further, there exist sequences of blow ups of possible centers, ct2 '■ X2 — > X\ 
and f3 : Si — > S such that: 

(a) There is a commutative diagram 

X2 — ? 5*i 

smc/i that $2 is toroidal, 

(b) /3 is an isomorphism away from f3~ 1 (<fr 1 {Z)) where Z is the locus where 
$1 is not toroidal. 

(c) a 2 «s a« isomorphism away from a 2 ~ 1 ($^ 1 ($i(Z))) 

(d) i?ac/i 2-curve of X 2 contains a 3-point and each component of Dx 2 con- 
tains a 3-point. 

Proof. For the proof wc need only make some small modifications in the proof of 
Theorem 19.11 [C2]. 

We first prove 1 of the theorem. By Lemma 6.2 [C2], there exists a commutative 
diagram 

X a 

a i \ *o 
X % S 

such that <&o : Xo — > S is a weakly prepared morphism (Definition 6.1 [C2]), and the 
fundamental locus of is contained in the locus where <& is not weakly prepared, 
(which is contained in the locus where $ is not prepared). It is not necessary to 
blow up points on S since D$, Dx are SNC divisors. Let Dx = a' a 1 (Dx). By 
further blowing up of points in the exceptional locus of ao, we may assume that all 
components of Dx contain a 3-point, and all 2-curves of X contain a 3-point. 
By Theorem 17.2 [C2] there exists a commutative diagram 

a I \ $1 
X a *5 S 

such that $! is prepared. The algorithm consists of a sequence 

X 1 = Y n ^ y„_! -» >Y 1 ^lY =X 

of blow ups of points and nonsingular curves which are possible centers; that is make 
SNCs with the preimage Dy i of Dx and are contained in a component E of Dy; such 
that E contains a point which is not prepared for 

$ i = $ooaio---oa i: y i - > 5. 

If p e y is prepared for then all points of a^_\(p) are prepared for Thus 
conditions (a) and (b) of 1 hold. 

The strict transforms on X\ of all components of Dx must contain a 3-point and 
if C is a 2-curvc of X which is not contained in the fundamental locus of ot\ — a oa, 
then its strict transform on X2 must also contain a 3-point. Thus any components 
of Dx 2 which do not contain a 3-point, and 2-curves of X 2 which do not contain a 
3-point, are contained in the exceptional locus of ot\. 

To complete the proof of 1 of the theorem, we need only show that if p G X\ is 
a point in the exceptional locus of a\, and a* : X — > X\ is the blow up of p, then 
$ioa* : X — > S is prepared. This can directly be seen by substituting local equations 
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for the blow up of a point into (17)-(20) of Definition 6.5 [C2]. We can thus construct 
ai : X\ — > X such that $1 : X\ — > S is prepared and all conditions of 1 hold. 

We now verify 2 of the theorem. We first observe that <&i (from the conclusions of 
part 1 of this theorem) is strongly prepared (Definition 18.1 [C2]). We now examine 
the monomialization algorithm of Chapter 18 [C2] and the toroidalization algorithm 
of Chapter 19 [C2], applied to $i : X x -> S. 

The monomialization algorithm of Theorem 18.19 and Theorem 18.21 [C2] consists 
in constructing a commutative diagram 

x 2 H Xl 

$2 I I $1 (25) 

s, h S 

such that $2 is monomial (all points of X 2 are good for $ 2 as defined in Definition 
18.5 [C2]). 

(25) has a factorization 

X 2 = Zi • • • — ► Zi 4 Zq = X\ 

$2 I fii i Hi i Qoi $i | (26) 

Si = T; ^> ••• -» Ti ^> T = S 

where each f2j is strongly prepared, each is the blow up of a point gj such that 
Cl^ 1 (qi) contains a point p, at which Oj is not monomial and ej+i is a sequence of 
blow ups of curves which are exceptional to such g,. This step is accomplished by 
performing the algorithms of Lemmas 18.16, 18.17 and 18.18 of [C2]. We will make 
a minor modification in the algorithm of Theorem 18.19, which will ensure that all 
2-curves of X 2 contain a 3-point, and all components of D X2 contain a 3-point. 
Each map Zi + \ — ► Zi has a factorization 

Zi+\ = Z m -5 Z m -\ —>■■■-+ Zo = Zi (27) 

where each Xj+i is a blow up of a 2-curve or of a curve Cj which contains a 1-point, 
makes SNCs with the preimage D-^ . of Dx on Zj , and is contained in a component 
of D-g . To construct (27) we successively apply Lemmas 18.16, 18.17, 18.18 of [C2]. 

The algorithms of Lemma 18.16 and Lemmas 18.18 [C2] consist of blow ups of 
2-curves and the condition that all 2-curves contain a 3-point and all components of 
D-y contain a 3-point is preserved by this condition. 

The algorithm of Lemma 18.17 [C2] consists of a sequence of blow ups of curves 
Aj+i : Z j + i — > Zj of Cj C D-g which are not 2-curves, and arc contained in the locus 
where m qi O-^ is not invertible. Let p G Cj be a general point, so that p is a 1-point. 
There exist permissible parameters (u, v) at and regular parameters x, y, z in O-^ 
such that a form (185) of Lemma 18.12 [C2] holds, 

u = x k ,v = x c y (28) 

with c < k. x — is a local equation of at p, and x = y = are local equations of 
Cj. u = v = are local equations of q in Tj. The exceptional divisor of Aj + i contains 
a 2-curve which is a section over Cj . At the two point p\ G XJ^ (p) , we have regular 
parameters X\,y\,z\ in p sucn that 

u = x k 1 ylv = x c 1 y c + 1 . (29) 
If Cj contains a 2-point then all components of Dz j+1 contain a 3-point, and all 
2-curves of Zj + i contain a 3-point. 
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Suppose that Cj does not contain a 2-point. Then u, v have an expression of the 
form (28) at all points p <E Cj. 

If Cj does not contain a 2-point, we modify the algorithm of Lemma 18.17 [C2], 

inserting an extra step here, by performing the blow up A^ +1 : Zj +1 — > Zj + \ of the 
point pi. In this case, all points p G Cj are general points, and we we may choose 
p = Aj + i(pi) to be any point of Cj which is convenient. We will make use of this 
observation in the proof of Theorem 4.5. Points p 2 above p\ have regular parameters 
(x2,V2,Z2) such that 

xi=x 2 ,yi= 2:2(1/2 + a), z\ = x 2 (z 2 + (3) (30) 
xi = x 2 y 2 ,y x = V2,zi = y 2 (z 2 + (3) (31) 



with a,/3 S k, 
with (i G k, or 



xi = x 2 z 2 ,yi = y 2 z 2 , z x = z 2 (32) 

Substituting (30) into (29) we have 

u = xf{y 2 + a) k , v = xl c+ \y 2 + a) c+1 . (33) 

Thus if a ^ we have a good point of the form (183) of [C2] and m qi Oy is 
invertible. If a = 0, then 

u = xfylv = xl c+ 'y c 2 +1 
which is a good point of the form (179) of [C2] and is a form (187) of [C2] if m qi Oy 
is not invertible. 

Under substitution of (31) into (29), we see that 

u = x k 2 yf,v = x c 2 yl c+1 
which is a good point of the form (179) of [C2] and is a form (187) of [C2] if m qi Oy p ^ 

is not invertible. 

Under substitution of (32) into (29), we obtain 



x 2 y 2 z 2 k ,v — x 2 y 2 +1 z 2 c+1 



which is a good point of the form (193) of [C2] if m qi O-^i p ^ is not invertible. 



Observe that the locus of points in (A^ +1 ) 1 {pi) where m qi Oy is not invertible 
is a union of 2-curves. 

We now continue the algorithm as in the the proof of Lemma 18.17 [C2]. As the 
invariant fi(Cj) = k — c of Lemma 18.17 [C2] which is decreased in the algorithm 
of Lemma 18.17 [C2] is computed at generic points of curves Cj (which contain a 
1-point) and for which m qi O-^ is not invertible, these invariants are not affected 
by inserting these new blow ups of points Xj +1 into (27). Thus the conclusions of 
Theorem 18.19 [C2] will hold, for the modified X 2 — * Si, but we may further assume 
that each 2-curve of X 2 contains a 3-point and each component of contains a 
3-point. 

Theorem 19.9 [C2] and Theorem 19.10 [C2] imply there exists a commutative dia- 
gram 

X3 X 2 
$3 I I $2 (34) 

o 2 — ► 01 
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such that X3 — > S'2 is toroidal, and 2 (b), 2 (c) of the conclusions of the theorem 
hold. We will indicate how we can modify the proof slightly to ensure that 2 (d) of 
the conclusions of the theorem holds for X3 —> S 2 . 

The algorithm of Theorem 19.9 [C2] consists of a sequence of blow ups of curves 
above X 2 and finitely many blow ups of points over Si . 

In the algorithm, we first construct a diagram 

X^ — X2 

*a i *2 (35) 
s 2 n Sl 

which has a factorization by a diagram of the form (26), so that a global invariant 
1(^3) < (this invariant is defined on page 227 of [C2]). The factorizations (27) of 
the morphisms of (26) consist of a sequence of blow ups of curves, using first Lemma 
18.17 [C2] to blow up curves which contain a 1-point and are possible centers (make 
SNCs with D-g. and are contained in a component of D%.) and then Lemma 18.18 
[C2] to blow up 2-curves. 

If a 2-curve is blown up, then the condition that all 2-curves contains a 3-point is 
preserved. 

Suppose that a curve Cj is blown up which contains a 1-point by \j+i : Zj+i — > Zj 
(in (27)). This is analyzed in Lemma 19.8 [C2]. Let p £ Cj be a general point. Then 
a form (185) of [C2] (as in (28) of our analysis of monomialization) holds at p, and if 
Pi e \J +1 (p) is the 2-point, then a form (29) holds at p\. 

Assuming that Cj does not contain a 2-point, We now modify the algorithm of 
Theorem 19.9 [C2] by blowing up the point p\. Let A^ +1 : Zj +1 — > Zj+i be this map. 
Let E be the exceptional divisor of A^ +1 . We see (from (33)) that a form 

u = xf,v = x\ c+1 {a + y 2 ) 

with a ^ holds at a general point p 2 of E. Let 

Clj = Oj o Ai o . . . o Aj+i o Aj +1 . 

We have 

I(Clj,E) = (2c + 1) - 2k = 2(c- fc) + 1 < (36) 

since c < k. We may thus continue the algorithm of Theorem 19.9 [C2]. We modify 
(35) by adding in these blow ups, X'j + \, to achieve the reduction I(<&' 3 , E) < for all 
components E of D^-, which contain a 1-point mapping to a 1-point, and so that all 

components of D^, contain a 3-point, and all 2-curves of X' z contain a 3-point. 

The algorithm of Theorem 19.10 [C2] consists of a sequence of blow ups of curves 
over X' z and points over S' 2 - We construct a commutative diagram 

X 3 % X' 3 
*s I 4 <H (37) 

S'2 — > S2 

such that is toroidal, which has a factorization by a diagram of the form (26). 
The factorization (27) of the morphisms in (26) consists of a sequence of blow ups 
of curves Cj which are possible centers (make SNCs with D-^ . and are contained in 
I>z ), using Lemma 18.17 [C2]. 
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Suppose that a curve Cj is blown up by Aj+i : Zj + i —> Zj in equation (27). If Cj 
contains a 2-point then (assuming that all components of contain a 3-point and 

all 2-curvcs of Zj contain a 3-point) all components of D^. +1 contain a 3-point, and 

all 2-curves of Zj + \ contain a 3-point. 

Suppose that Cj does not contain a 2-point. Then u, v have an expression of the 
form (28) at all p e Cj. Let pe Cj. If pi e ^jliip) is the 2-point, then (29) holds at 
P\. We now modify the algorithm of Theorem 19.10 [C2] by blowing up the 2-point 
p\. Let Xj + i ■ Zj +1 — ► Zj + \ be this map. Let E be the exceptional divisor of A^ +1 . 
Let 

Oj = fli o Ai o • • • o Aj+i o Aj_|_j . 

We have I(£lj, E) < (as shown in (36)). Now by Lemma 19.6 [C2] we can continue 
the algorithm of Theorem 19.10 [C2] to achieve the conclusions of Theorem 19.10 
[C2], with the conclusions 2 (a) - 2 (d) of the conclusions of this theorem. □ 

Lemma 4.2. Suppose that f : X — ► Y is a birational projective morphism of nonsin- 
gular 3-folds with toroidal structure, defined by SNC divisors D Y and D x = f~ 1 (Dy), 
there exists q £ Dy such that there exist uniformizing parameters u,v,w on Y (an 
etale morphism Y — > spec(k[u, v, w])) such that u = v = w = are equations of q in 
Y, 

D Y = {uv = 0}, 

and the fundamental locus of f is C\ UC2 where u = w = are equations of C\ in Y , 
v = w — are equations of C 2 in Y. Suppose that u = 0, v = are integral surfaces 
in Y , and C\, C 2 are irreducible. Let tt : Y — > S = spec(k[u, v]) be the projection. Let 
q = n(q) and 7 = 7r _1 (g) C Y . Let D$ = {uv = 0}, a SNC divisor on S. Assume 
that g — nof: X ^ S is toroidal away from f^ 1 (q), and prepared away from f _1 (7). 
Then there exists a sequence of blow ups 

X n — 5 X n _\ — > • • • — > X (38) 

where each : Xi — > is the blow up of a possible center (a point or a nonsingular 
curve contained in £>x 4 _i = ^i^i(Dxi_ 2 ) which makes SNCs with Dx i _ 1 ) which 
is supported over f^ 1 (q) such that if F is a component of Dx which dominates a 
component of Dy ( or dominates C\ or C2 ), and F n is the strict transform of F on 
X n , then X n — > S is toroidal in a neighborhood of F n , and X n — > S is prepared on 
F n away from the strict transform of 7. Further, X n — > S is prepared away from the 
preimage of 7, and is toroidal away from the preimage of q. 

Further assume that every irreducible component of Dx contains a 3-point and 
every 2-curve of Dx contains a 3-point. Then every irreducible component of Dx n = 
($iO' • ■ofy n )~ 1 (Dx) contains a 3-point and every 2-curve of Dx n contains a 3-point. 

Proof. After possibly blowing up points and curves over X which are supported over 
f^ 1 (q), we may assume that ,f^ 1 (q) is a divisor, and if F is a component of Dx 
which dominates a component E of Dy, and L is an exceptional component of / 
which intersects F, then f(L) C E. Let E\ be the component of Dy with local 
equation u — 0, E 2 be the component of D Y with local equation v = 0. We may 
further assume that if F is a component of Dx which dominates C\ (respectively 
C2) and L is an exceptional component of / which intersects F, then f(L) C E\ 
(respectively f(L) C E 2 ). Finally, if every irreducible component of Dx contains a 3- 
point and every 2-curve of Dx contains a 3-point, we may assume that this condition 
is preserved. Let G = f^ 1 {q). 
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Suppose that F is a component of Dx which dominates a component E of Dy. 
Without loss of generality, E has the equation u = 0. By assumption, g is toroidal at 
points of F — f~ 1 {q)- Suppose that p G F n f~ 1 (q)- Then p must be a 2-point or a 
3-point. Recall that uv = is an equation of the SNC divisor Dx on X. 

If p G F fl f^ 1 (q) is a 2-point then there exist regular parameters x, y, z at p such 
that xy — is a local equation of -Dx, £ = is a local equation of F and there is an 
expression 

u = xy 9 Xi,v = y c X 2 

where Ai, A2 are units, g > and c > 0. 

Thus g is toroidal and prepared in a neighborhood of p. 

If p G FCif^ 1 (q) is a 3-point andp is not on the strict transform of the component 
E' of with local equation v = 0, then there exist regular parameters x, y, z at p 
such that xyz = is a local equation of Dx, x = is a local equation of F, and there 
is an expression 

u = xy b z c Xi,v = y d z e X 2 
where 71,72 are units, b,c > and d + e > 0. Thus g is toroidal and prepared in a 
neighborhood of p. 

If p G F n f~ 1 {q) is a point on the strict transform on X of the component E' of 
with local equation v = 0, then p is a 3-point and there is an expression 

at p where a, 6 > 0, Ai,A2 arc units, x = y = are local equations of the strict 
transform 71 of 7 = 7r _1 (g), and 5 is toroidal in a neighborhood of p. 

Suppose that F is a component of which dominates C\. By assumption, g is 
toroidal at points of F — f ~ 1 (q) , and on points of the strict transform of a component 
of £>y. 

Suppose that p G F fl f^ 1 (q) is not on the strict transform of a component of Dy- 
by construction, p must be a 2 or 3-point. If p is a 2-point, then there exist regular 
parameters x, y, z at p and unit series Ai, A 2 such that 



u = x a y b Xi 1 v = y c X 



2- 



x = is a local equation of F, y = is a local equation of a component of Dx which 
maps to Fi, so that a,b,c> 0. Thus g is toroidal and prepared at p. 

If p is a 3-point, then there exist regular parameters x, y, z at p such that 

u = x a y b z c X 1 ,v = y d z e X 2 

where x — is a local equation of F, y = 0, z = are local equations of exceptional 
components of Dx which map into E\, d + e > and Ai, A2 are unit series. Thus 
a, 6, c > and / is toroidal and prepared at p. 

The same analysis applies if F is a component of Dx which dominates C 2 - 

□ 

Lemma 4.3. Suppose that f : X — > Y is a birational morphism of nonsingular 
projective 3-folds. Then there exists a commutative diagram 

X 1 A Yi 

I I 
X ^ Y 

where the vertical arrows are products of blow ups of nonsingular subvarieties such 
that the (reduced) fundamental locus T of f\ is a union of nonsingular curves and 
points such that two curves ofT intersect in at most one point, and this intersection is 
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transversal (the two curves have distinct tangent directions). Further, the intersection 
of any three curves of T is empty. 

Proof. Let S be a reduced (but not necessarily irreducible) surface in Y containing 
the fundamental locus of /. By the standard theorems of resolution of singularities 
([H], Section 6.8 [C3]), there exists a commutative diagram 



X 1 h 


Yx 


$1 1 




x i> 


Y 



where $i and \&i are products of blow ups of points and nonsingular curves, such that 
(S) is a divisor whose irreducible components are nonsingular, which necessarily 
contains the fundamental curve T\ of fx (the reduced 1-dimensional scheme consisting 
of the 1-dimensional components of the fundamental locus of /i). Let Si, . . . , S n be 
the irreducible components of (S). 

Let H be a hyperplane section of Y\. Let q G Li be a singular point. Let m q C Oy ltq 
be the ideal sheaf of the point q, R = Or ± , q , m q — m q R be the maximal ideal of R. 

Suppose that a, (3 G m q /m q are linearly independent over k. There exist regular 
parameters u, v, w in Oy 1 , q such that a = [u], (3 = [v] G m q /m 2 . Let Xg C Oy 1 be the 
ideal sheaf defined by 

T _ J °y uP Hp^q 
±S 'P-\ (u) + m 2 q if p = q. 

Let Ys be the blow up of Is, with projection ns : Y$ — > Y\. Let £3 — XsOy s . Then 
= Tr s Oy 1 (mH) (g> £5 is very ample for m 3> 0. Ts,p is a complete ideal, so 

and 

r(y 5 ,x«) = r(y 1 ,^). 

Since .M^ is generated by global sections, the divisor of a general section of T(Ys, 
is irreducible and nonsingular away from 7r~ (q) by Bcrtini's theorem, (cf. Theorems 
7.18 and 7.19 [I]). Thus the divisor of a general section of T(Y 1 ,JV^ I ) is irreducible 
and is nonsingular away from q. Consider the exact sequence 

— > m q — > Is — > Is/m q — > 0. 

Tcnsoring with CVi (mH) for m ^> 0, we see that there is a surjection 

Thus a general section ct G r(Yi ,A/^) is such that 

cr = XiU mod 

for some 7^ Ai G k. In particular, the divisor D a of a general section a is irreducible, 
nonsingular and u — is a local equation of its tangent space at g. 
In an analogous way, we can define an ideal sheaf 1^ C Oy 1 by 

P-P \ (v) +m 2 q if p = q, 

and show that for m 3> 0, if J\f^ = Oy 1 (mH) the divisor D T of a general section 

t of T(Yi, A/"£) is irreducible, nonsingular, and v = is a local equation of its tangent 
space at q. 

Since the base locus of the linear system of T(Yi,Af^ l ) is the point q, the divisor 
D a of a general section a of r(Yi, A/"™) intersects Li at g and at finitely many other 



TOROIDALIZATION OF BIRATIONAL MORPHISMS OF 3-FOLDS 



27 



points. Since the base locus of the linear system L(Yi,7V£) is q, if D T is the divisor 

of a general section r of T(Yi, A/j^,), (for appropriate m' > m) then Li intersects 
the scheme D a ■ D T at the point q only, and by Bertini's theorem, 7 = D„ ■ D T is 
an irreducible curve which is nonsingular away from q. Since a = Xiu mod m q and 
t = A 2 w mod m q for some ^ Ai, A 2 € k, we have that 7 is nonsingular at q, and 
it = w = are local equations of the tangent space to 7 at q. By Bertini's theorem 
applied to the surfaces S\,. . . ,S n , we see that the divisor D a of a general section a 
of r(Yi,A/^) intersects the Si transversally away from q (the tangent spaces of D a 
and Si intersect in a line), and a further application of Bertini's theorem shows that 

the divisor D T of a general section r of T(Yi, Af^,) is such that 7 = D a ■ D T intersects 
each Si transversally away from q. 

In summary, for m' > m » there exist o\ E T(Yi,OY 1 {niH)), and er 2 E 
T(Y\, Oy x (m'H)), with respective divisors Hi and H2 such that 7 = Hi ■ H2 is a non- 
singular curve which intersects Ti in the point q only, 7 intersects each Si transversally 
at all points other than q, and for some nonzero Ai, A 2 E k, ui has image Aid; and cr 2 
has image A 2 /3 in m q /m q under the natural maps T(Yi, OY 1 (mH) ® m q ) — > m q /m q , 
and r(Yi, C?Yi (m'H) ® m 9 ) — > m q /m q . Let /j = be a local equation of 5, at (7 for 
all i such that q E S,. We have a surjection m q /m q — > m q /m q and dimkm q /rrT q > 1 

since g is a singular point of IV Choose a, (3 E m q /m q so that the k-span of a and /3 
does not contain the class of /j for any Si containing q, and so that the images of a 
and j3 in m q /m q are linearly independent over k. Now choose Hi, H2 and 7 = i?i • i? 2 
as above. 

Let ^2 : Y2 — > be the blow up of 7. Let Ti be the strict transform of Li on Y" 2 , 
5i for 1 < i < n be the strict transforms of Si on F 2 . We can assume that u — is a 
local equation of £Zi at q, v — is a local equation of iJ 2 at q. By assumption, u, v, fi 
is a regular system of parameters in Oy x ,q for all i such that q E Si, so 7 intersects 
Si transversally at q. Thus for all i such that q E Si, Si is the blow up of (the ideal 
sheaf of) q and a finite number of other points on Si, which are disjoint from IV In 
particular, each 5, is nonsingular. 

Let Ci, . . . , C rn be the irreducible components of Ti containing q and let Ki be 
the function field of d for 1 < i < m. Let K = Ki © • • • (B K m . Since Li is reduced, 
we have natural inclusions 

R -^A = Ai © • • • © A m ->K 

where Ai is the integral closure of Od.q in Ki. A is finite over R, since A is the 
normalization of R. Let s(q) be the length of A as an i?-module. 

Suppose that qi E Lin<I' 2 ~ 1 (g). Let Ri = Of i . Ri is a local ring of the blow up of 

(u, v)R in R. (u, v)R is not a principal ideal in R, since a, [3 are linearly independent 
in rn q /m q , and by construction, m q Ri is principal. Thus we have inclusions 

R -> Ri -» 

with R ^ Ri. Since i?i is finite over i?, we have an inclusion i?i C A, and A has 
length Si < s(q) as an Ri module. 

The strict transform 7' of 7 on Xi is necessarily a nonsingular curve. Let $ 2 : 
X' 2 — ► Xi be the blow up of 7'. I^Ox^ is invertible, except possibly over g. There 
exists a sequence of blow ups X 2 — ► X 2 supported over g such that X 7 Ox 2 is invertible. 
Thus we have a natural morphism / 2 : X 2 — > ^2- The fundamental curve of / 2 is 
contained in the union of the strict transform Li of Li and the nonsingular curve 
I2 = ^2 1 (l)- '2 lies on all surfaces Si such that Si contains q. 
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By induction on 

max{s(q) | q 6 I\ is a singular point} 
we can iterate the blowups of such curves 7 until we construct a commutative diagram 

X 3 % Y 3 

$3 I 1*3 

X! & Yi 

such that 

1 . If r' is the strict transform of Ti on Y 3 then T' is a disjoint union of nonsingular 
curves. 

2. The strict transform 5- of Si on Y 3 is nonsingular for all i. 

3. The fundamental curve T 3 of f 3 is the union of V and a union of curves which 
are contained in the exceptional loci of the morphisms A, = (*3 | S'A : S[ — ► Si 
for 1 < z < n. 

For g G Ti, and Si such that g G Si, *i" = A," 1 ^) is a SNC divisor on Thus 
T 3 can only fail to satisfy the conclusions of the theorem at a finite number of points 
q' such that q' is contained in a (unique) component C[ of V which is contained in 
some S 1 -, and there exists a neighborhood U of q' in Y 3 such that r 3 n U is a union of 
components of 

(Xr\q)uCl)nU, 

which is a divisor on the surface U flS 1 -. Now we can choose a nonsingular curve 7 on 
Y 3 which intersects T 3 at q' only, and intersects the surfaces S[, . . . , S' n transversally. 
Let ^4 : Y4 — > I3 be the blow up of 7, X' 4 — ► X3 be the blow up of the strict transform 
of 7 on I 3 , and let X4 — > X 4 be a prinicipalization of ZyCjsq (obtained by blowing 
up points and nonsingular curves) which is an isomorphism away from points above 
q'. Thus we have a commutative diagram 



v ft 


Y A 


$4 1 




^3 ^ 


^3 



such that the fundamental curve of fn is contained in the union of the strict transform 
of T 3 on I4 and the curve U = ^E' 4 ~ 1 (g'). 

Let S'l be the strict transform of S[ on I4 for 1 < i < n. For i such that q' G 
5f — > S 1 - is the blow up of g' on S 1 -, with exceptional divisor I4. Thus by embedded 
resolution of plane curve singularities (cf. Section 3.4, Exercise 3.13 [C3]), after a 
finite number of blow ups of such curves 7 we obtain a diagram 

*5 ^ Y 5 
I I 

x 4 h Y 4 

such that the fundamental locus of f$ satisfies the conclusions of this lemma. □ 

Remark 4.4. In the conclusions of Lemma 4-3, we can assume that the fundamental 
locus of fi has no isolated points. To see this, we make the following construction. 
Let A be the isolated points in the fundamental locus of f±. Let 7 be a general curve 
on Y\ through A (an intersection of two general hypersurface sections through A). 
Then 7 n T = A. Let $ 2 : X 2 — > X\ be the blow up of the strict transform of 7 on 
X\. The fundamental locus of the resulting map X2 — ► Yi is 7 U Y\, which satisfies 
the conclusions of Lemma 4-3, and has no isolated points. 
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Theorem 4.5. Suppose that f : X — > Y is a birational morphism of nonsingular pro- 
jective 3-folds and the fundamental locus V of f is a union of nonsingular curves such 
that two curves of T intersect in most one point, and this intersection is transversal. 
Further assume that the intersection of any three curves of V is empty. Then there 
exists a commutative diagram 

x, h Yi 

I I 
X Y 

such that the vertical arrows are products of blow ups of points and nonsingular curves, 
X\, Y\ have toroidal structures Dy t , Dx 1 — fi 1 (Dx 1 ), fi is prepared (Definition 
3.4), every 2-curve of X\ contains a 3-point and every component of Dx x contains a 
3-point. 

Proof. Let {C\, ... , C n } be the irreducible components of T. 

Let H be a hyperplane section of Y. Whenever j ^ i and d (~l Cj is nonempty, let 
Ci n Cj = {qij}- For m 3> 0, and 1 < i < n, let Hi be divisors of general sections <ji 
of r(y, Id <E> OYi{mH)). By the arguments using Bertini's theorem of Lemma 4.3, 
we conclude the following: 

1 . Each Hi is a nonsingular irreducible surface and Dy = H\ + ■ ■ ■ + H n is a 
SNC divisor on Y. 

2. For i 7^ j, if CiHCj 7^ 0, then Hi intersects Cj transversally at plus a sum 
of general points of Cj. If CiC\Cj =0, then Hi intersects Cj transversally at 
a sum of general points of Cj . 

3. Hi n Hj n H k is disjoint from T for i,j, k distinct. 

Let Dx = / _1 (-Dy). Away from / _1 (r), Dx is a SNC divisor and / is prepared 
(Definition 3.4). Suppose that r) £ Cj is a general point. Then f~ 1 (Hj) is a SNC 
divisor over 77 and / has fiber dimension 1 over 77. Further, / is a product of blow ups 
of sections over Cj above 77 which make SNCs with the preimage of Hj (by [Abl] or 
[D], since / is birational and 77 <E Cj is a general point). If u = is a local equation 
of Hj at rj and v = is a local equation of a nonsingular surface transversal to Cj at 
77 then u, v are toroidal forms (Definition 3.1) at all points of f^ 1 ^). In fact we have 
a form 

u = x a ,v = y (40) 

or 

u = x a y\v = z (41) 

at all points p E f^ 1 ^). 

li rj E Hi for some i ^ j (and 77 ^ q^), then we can take v = to be a local 
equation of Hi at 77. 

Thus f~ 1 (Dy) is a SNC divisor except possibly over A = {qij} and over a finite 
number of 1-points B = {qk} of Dy (contained in T). After possibly extending B by 
adding a finite number of points which are 1-points of Dy , we have that / is prepared 
away from the points of A U B. 

Index B as B = {q n +i, . . . ,q r }- For qi G B, let Hi be the divisor of a general 
section Oi G T(Y,l qi ® Oy(mH)). For i > n + 1, Hi intersects T at g, plus a sum of 
general points of C\ , . . . ,C n (we can make our initial choice of m so that this property 
holds), 

Dy = Hi + ■ ■■ + H r = D Y + H n+1 + --- + H r 
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is a SNC divisor on Y, and Dx = f~ 1 (Dy) is a SNC divisor on X, except possibly 
over points of AUB. Thus after blowing up points and nonsingular curves supported 
above f~ x {A U B), we may assume that Dx = f~ 1 (Dy) is a SNC divisor, and every 
irreducible component of Dx contains a 3-point, every 2-curve of Dx contains a 
3-point. 

Observe that the points where / is not prepared are intersection points Hi ■ Hj -T 
for i 7^ j. We may assume that r > 3. For i ^ j let F^- = Hi ■ Hj. are nonsingular 
irreducible curves (by Bertini's theorem). 

We now apply for i = 1 and j = 2 a general construction that we will iterate for 
all i < j. We will assume that n > 2 and G\ n C 2 i= 0- The case when C\ n C 2 = 
(or n = 1) is simpler. Let 7 = Ti 2 , g = q 12 , D 12 = T 12 (d U C 2 ) = r i2 n T. 

Hi,H 2 ,H 3 are the divisors of sections 01, 02, 03 G F(Y~, Oy (mH)) which define a 
rational map tt : Y — > P 2 by Q 1— > (cri : cr 2 : 0"3)(Q) for closed points Q G F. Let 
[/ = y — (Uj >2 Hj), an affine neighborhood of g in Y on which 7r is a morphism. Let 

/i = -,/ 2 = -er(i/A). 

0"3 0"3 

tt : U — > A 2 (42) 
is defined by the inclusion of k-algebras k[tt, v] r({7, Oy) given by 

" = = /2- 

g = n(q) has equations m = v = in A 2 . f\ = f 2 = are equations of 7 = 7 (~l {/ in [/. 
7 contains D\ 2 . 7 is a nonsingular curve. Hence /i,/ 2 are part of a regular system 
of parameters at all points of 7. Thus tt : U —> A 2 is smooth in a neighborhood of 7. 
Since C\ and C 2 intersect 7 transversally, there exists an open neighborhood U of 7 
in [/ such that 

it :TJ — > A 2 (43) 

is smooth and tt \ CiDU^tt \ C 2 C\U are unramified. A 2 has toroidal structure uv = 0, 
and U has toroidal structure Dy n {/ which is defined by /i/ 2 = 0. Let X = / _1 (?7), 
/ = / j X, g = n o f : X — > A 2 . u,v — v(g(p)) must have a form (40) or (41) at 
points p of X above C\ — q, and v, u — u(g((p)) have a form (40) or (41) at points p 
of X above C 2 — so g is toroidal away from (3 = f~ 1 (q) and is prepared away from 

r\D- 

Let R — Oy. q with maximal ideal m, Id — %Ci,q, Ic 2 — 3-c 2 ,q- Ici has generators 
u, wi, Ic 2 has generators v,w 2 where u, v,w\ and u 1 v,w 2 are bases of m/m 2 since 
H 2 intersects C\ transversally at q and H\ intersects C 2 transversally at q. By the 
formal implicit function theorem in R\ w 2 = <p(wi — tp(u, v)) where is a unit series, 
and if) is a series. 

Ic 2 = {v, Wi - ip(u, v)) = (v, Wi - if>(u, 0)). 
Set w — Wi — tp(u, 0). Id = (u,W) and Ic 2 = {v,w). Thus 

id n ic 2 = id n ic 2 = (uv,w). 

There exists w G Id H Ic 2 such that w =W mod m 2 R. We have Id n 7c 2 = w )- 
Thus there exists an affine neighborhood U\ of q in J7 and w G r([/i,Oy) such 
that u,v,w are uniformizing parameters in £/i, u = w = are equations of C\, and 
v = w = arc local equations of C 2 in U\. 

After possibly blowing up points supported above q, we may suppose that every 
irreducible component of D^ contains a 3-point and every 2-curve of D-^ contains a 
3-point. 
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By Lemma 4.2 (applied to / 1 (Ui) — > U\, and extending trivially to X — ► [/), 
there exists a commutative diagram 

X A A 2 . 

such that $ is an isomorphism away from / 1 (q) , g n is a toroidal in a neighborhood of 
the strict transform of Dy on Xq, and is toroidal in a neighborhood of all components 
of which dominate C\ or C 2 , and is prepared in a neighborhood of all components 
of D-^ which dominate a component of Djj or dominate C\ or C 2 , away from the 

strict transform of 7 on Xq. Further, every irreducible component of D% — &q * (-^x) 
contains a 3-point and every 2-curve of D^ o contains a 3-point. 

We now apply the algorithm of the proof of Lemma 4.2 to the other points of Dyi 
(the conclusions of the lemma hold if C\ = or C 2 = 0)- We construct $ : X — > Xo 
such that 

1. $0 o <j> is an isomorphism away from (/ o $ o $ ) _1 (_D 12 ). 
2- g'o — 9o ^0 is toroidal in a neighborhood of the strict transform of Dy on 
X n , and in a neighborhood of all components of D-^i which dominate C\ or 

C2 and is toroidal away from (/ o $ o $ ) _1 (Z?i 2 ). 

3. g' Q is prepared in a neighborhood of all components of D^i which dominate 
a component of Djj or dominate C\ or C 2 , away from the strict transform ji 
of 7 on Xq. 

4. D Tq = (Iq)- 1 ^) = (/olooii)" 1 ^) and (/ o ¥ o l^ 1 (D 12 ) are 
SNC divisors. 

5. Every irreducible component of D^' contains a 3-point and every 2-curve of 
D^> contains a 3-point. 

Let $1 : X\ — > be the blow up of the strict transform 71 of 7 on x' . Let 
Si = $ j 1 (71 ) . Since 71 is a 2-curvc of D-^> , we have that every irreducible component 

of Dj( 1 = <&! 1 {D-x> ) contains a 3-point and every 2-curvc of D^ contains a 3-point. 

If p G 71 — (/o$oo$ ) _1 (£) 12 ) then tt, v are part of a regular system of parameters 
at p, and u = v = are local equations of 71 on X at p. If p e 7in(/o<J>oo$ )~ 1 (_D 12 ), 
then u, v have a toroidal form of the type of equation (39) at p, 

u = xz a ,v = yz b (44) 

where a, b > 0, x = y = are (formal) local equations of 71, xyz = is a local 
equation of D-rr' . 

Suppose that p' G ^ n (/ o $ o $ o $i) _1 (£)i 2 ). Then p = $i(p') G 71 fl (/ o 
$oo$q)~ 1 (_Di 2 ), and u, v have a toroidal form (44) at p. Thusp' has (formal) regular 
parameters X\,y\,z\ such that 

x = x\,y = xi(yi +a),z = z\ 

for some a G k, or 

z = = 2/1,-2 = zi. 

Substituting into (44), we see that gi = g' o $! : X\ — > A 2 is toroidal and 
prepared in a neighborhood of the strict transform of Dy and in a neighborhood of 
Ex. Furthermore, gi is prepared and toroidal in a neighborhood of all components 
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which dominate C\ or C 2 and gi is prepared and toroidal away from (/ o 3> o 

^oO^!)- 1 ^). _ _ 

By 1 of Theorem 4.1 there exists a morphism $ 2 : X 2 — ► ^1 such that $2 is an 
isomorphism away from (/ o $ o $ o o <j> 2 ) _1 (-D12), 52 = 9i $2 : -^2 — » A 2 
is prepared, all 2-curves of X 2 contain a 3-point, all components of contain a 
3-point. 

Now by 2 of Theorem 4.1, there exists a commutative diagram 



_X 3 ^ Si_ 

'2 



X 2 a A 2 



such that $3 is an isomorphism away from (#2 3>3) _1 (<z), ^1 is an isomorphism away 
from q and c/3 is toroidal. We further have that all 2-curves of X 3 contain a 3-point 
and all components of D^ 3 contain a 3-point. 

In the sequences (27) of the proof of Theorem 4.1, we only insert point blow ups 
Aj +1 : Zj +1 — > Zj + i at a point above the curve Cj C Zj if Cj contains no 2-points. 
In this case, we are free to blow up the 2-point pi above any point p 6 Cj that we 
wish. We can thus assume that p\ lies above /3 3 = (/ o $ o $ o $! o $ 2 ) _1 (Di 2 ). 

*i : S\ — > A 2 is the blow up of an ideal sheaf X C Oa 2 ■ We have (by the algorithm 
of 2 of Theorem 4.1) that $3 is the blow up of X0^ 2 away from /? 3 . 

We can assume that ^1 is nontrivial so that m-qOj? 3 is an invertible ideal sheaf 
(where m-q — (u, v) C k[w, v]). 

Let Y" 3 = U x A 2 Si . Y3 is obtained from U by blowing up sections over 7 = n~ 1 (q) , 
which make SNCs with the preimage of Djj. Let \&3 : Y" 3 — > J7 be the first projection. 

Y~3 is nonsingular and Dy 3 = ^3 (Djj) is a SNC divisor. Let 

$ = ¥ o • • • o $ 3 : ~X 3 — > X. 

There is a natural birational morphism / 3 : JT 3 — > Y~ 3 where / 3 = (/ o $) x j 3 . By 
our construction, / 3 is an isomorphism away from (/ o $) _1 (Ci U C 2 ). Recall that 
$1 : Xi — > X is the blow up of m,gO^> away from (/ o $ o <E> o $ 1 )~ 1 (Ci U C 2 ). 
Now consider the commutative diagrams 

X U Y 

T _ T 
x u 

where the vertical arrows are the natural inclusions, and 

_X 3 ^> X_ 

hi if (45) 

F 3 ^ IT. 

\&3 is constructed by blowing up sections over 7 (which make SNCs with the preim- 
age of Djj). Over X — f (-D12), $ is constructed by blowing up the isomorphic 

sections over 7 and / 3 | X 3 — 3> _1 (/ (Ci U C 2 )) is an isomorphism. 

Recall that / is an isomorphism over Hj n 7 for j > 2, and (Uj^Hj) ("1 7 = 7 — 7. 
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X 


i 




i 


Yi 


Ai 


Y 



There exists a factorization of the above diagram (45) over U — D\ 2 by a commu- 
tative diagram 

X m — * 

I I i (46) 

1 m ' 

where Y = U — D 12 , X = X - T\Di 2 ), Y m = Y 3 - ^(Dij), X m = X 3 - 
$ _1 (/ (D12)). The vertical arrows are isomorphisms away from the preimage of 
C\ U C 2 , each map Y i+1 — > Y is the blow up of a section 7^ over j = j PiY which 
makes SNCs with the toroidal structure (7^ is a possible blow up). 

We can thus extend (46) to a commutative diagram of projective morphisms 

X 3 - X-f-\D 12 ) 
I I (47) 

y 3 -> y-£> 12 

such that the vertical arrows are isomorphisms away from T, and the horizontal arrows 
are isomorphisms over Y — 7, by performing the blow up Y\ — > Y — D\ 2 of 7l~l(Y— D12), 
then blowing up points over Hj n 7 for j > 2 to ensure that the closure of 71 in Y\ 
makes SNCs with the toroidal structure, and continue to construct Y 3 — > Y — Z?i 2 
which extends Y m — > Y. Now we can perform the corresponding point blow ups over 
X (/ is an isomorphism over Hj n 7 for j > 2) and blow ups of the closures of 73 to 
get X 3 — > X — f^ 1 {Di 2 ) which extends X m — > X. Patching (45) and (47) we have a 
commutative diagram 

X 3 h Y 3 

$3 I i * 3 (48) 

X ^ Y 

of projective morphisms where <I> 3 and if? 3 are products of blow ups of possible centers 
(points and nonsingular curves which make SNCs with the preimages of Dx and Dy) 
such that / 3 is prepared in a neighborhood of , I' 3 (7), if? 3 is an isomorphism away 
from 7, <i> 3 is an isomorphism away from / _1 (7), and / 3 is an isomorphism away 
from \Pg : (r). We further have that every 2-curve of X 3 contains a 3-point and every 
component of Dx 3 contains a 3-point. 

We now iterate this construction for the other pairs Hi,Hj with 1 < i < j < r, 
first continuing the procedure for Hi and H 3 . We will indicate this next step. 

Let H[ = ^l(Hi) for 1 < i < r. H[,H 3 ,H 2 are divisors of sections a[,a' 3 ,a 2 E 
H (Y 3 ,O Y3 (m** 3 (H)) = H a (Y,0 Y (mH)). Let U' = Y 3 - (U^ {1 , 3} fl/). Since * 3 
is an isomorphism away from 7 = Ti2 C H 2 , U' = Y — (Ujg{i i3 \Hj). Thus U' is 
affine and we have a morphism n' : U' —> A 2 defined by the inclusion of k-algebras 
k[u,v] -> T(U', Oy) given by 



u = fl = ^,v = f 2 = ^. 

c 2 °2 

Let 7' be the strict transform of Ti 3 in Y 3 and let 7' = 7' n U'. Since r i3 n T n Hi = 
for i £ {1,3}, and the fundamental locus of / 3 is contained in ^E , 3 " 1 (r), f 3 is an 
isomorphism over 7' — 7'. 

As in the construction of (45), there exists an open neighborhood U of 7' in U' such 
that 7r' : U — ► A 2 is smooth, and enjoys the properties of the morphism 7r : U — > A 2 
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constructed in (43). Thus there exists a commutative diagram 

% - x'_ 

n i i /' 

having the properties of (45) (where x' = ./^(t/), f = f 3 | X). We can thus (as in 
the construction of (48)) construct a commutative diagram 



x 4 


h 


Y 4 


*4 4 




1*4 


X 3 


h 


Y 3 


$3 1 




4*3 


X 


Y 



where $4 and ^4 are products of blow ups of points and nonsingular curves which 
are possible centers (make SNCs with the preimages of Dx and Dy), such that / 4 
is prepared in a neighborhood of (^3 o 5 , 4) _1 (ri 2 U Ti 3 ), o vj/ 4 is an isomorphism 
away from Ti 2 U Ti 3 , $3 o $ 4 is an isomorphism away from / _1 (ri2 U Ti 3 ) and fa is 
an isomorphism away from (\&3 o \E , 4)~ 1 (r). Wc further have that every 2-curve of X4 
contains a 3-point and every component of Dx 4 contains a 3-point. 

We can continue in this way to construct, by induction, a commutative diagram 



X 5 


h 


Y 5 


$5 I 




1*5 


X 




Y 



such that fa is prepared in a neighborhood of *^ 1 (U^ :) Tij), "J" 5 is an isomorphism 
away from U^T^, $5 is an isomorphism away from f {^->i,jtj^ij) and fa is an 
isomorphism away from "J^ (r). Thus fa is prepared. 

□ 

5. First Properties of Prepared Morphisms 

In this section, we suppose that / : X — > Y is a birational morphism of nonsingular 
projective 3-folds, with toroidal structures Dy and Dx = f~ 1 (Dy) such that Dy 
contains the fundamental locus of /. 

Lemma 5.1. Suppose that f : X — > Y is prepared, C <ZY is a curve such that C is 
contained in the fundamental locus of f and C contains a 1 -point. Let ^1 : Y\ — ► Y be 
the blow up of C, and let q G C be a 1-point. Then there exists an affine neighborhood 

Y of q such that C C\Y is nonsingular, and ifY\ = ^ , 1 " 1 (F) and X = f~ 1 (Y), then 
there exists a factorization fx : X — > Y\ such that *i ° /1 = / | X. Further, fa is 
prepared. 

Proof. Since / is birational, f^ 1 (q) has dimension 1 and C is the only component of 
the fundamental locus of / through q (by Lemma 3.5), there exists a neighborhood 

Y of q and a factorization 

fa = *?of:X = f-\Y) - Y 1 = ^\Y) 

of the blow up "J 1 of C by a morphism fx (by [D]). We will show that fa is prepared. 
As shown in the proof of Lemma 3.5, there exist permissible parameters (u, v, w) at 
q such that for all p E / _1 (<7), u, v are toroidal forms at p and u = w = are local 
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equations of C at q. Thus if p 6 / 1 (q) we have permissible parameters x,y,z for 
u, v, w at p such that if p is a 1-point, 

u = x a 

v = y (49) 
w — X(x, y) + x c z, 

and if p is a 2-point, 

u = (x a y b ) k 

v =z (50) 
w = \{x a y b , z) + x c y d 

with ad — be ^ 0. Further, (u,w)Ox, P is invertible. In case (49), if u \ w, we have 
that fi(p) is a 1-point, and there exists a £ k such that if 

Ui = u, Vi — v, Wi — a, 

u 

then u\,V\,W\ are regular parameters at fi(p) and there exists a series A such that 

Mi = x a 

vi =y_ (51) 

w\ = X(x, y) + x c ~ a z 

of the form (12) of Definition 3.1 at p. If w | u (and u jfw) in Case (49), we have that 
w = x n j, where 7 is a unit series and n < a. Thus after computing a Taylor series 
expansion of an appropriate root of 7, we see that (by a similar argument to Case 1.1 
of Lemma 57 of [C2]) that there exist regular parameters x, y,~z at p and a unit series 
A such that 

u — x a (X(x, y) + x c ~ n z) 
v = y 
w — x 11 . 

Thus fi(p) — qi is a 2-point which has regular parameters 

u 

Wi = w, Ui = — , Vi = v 
w 

so that U1W1 — is a local equation of Dy 1 and 

wi =x n 

ui =x a - n (X~lx,y) + x c - n z) (52) 
vi =y 

which has the form 2 (b) of Definition 3.4. 

In case (50), if u \ w, we have that is a 1-point, and there exists a e k such 

that if 

w 

ui = u, vi = v, wi = a, 

u 

then ui,vi, wi are regular parameters at /i(p) and there exists a series A such that 

Ul = lx a y b ) k 

V! =z (53) 
Wi =X(x a y b ,z) + x c - ak y d - bk 

of the form (13) of Definition 3.1 at p. If w \ u and u jfw in case (50), we either have 
an expression 

w = (x a y b ) l Mx a y b ,z) + x s y S ) (54) 
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at p with I < k and 7 is a unit series, or we have an expression (after possibly making 
a change of variables in x and y, multiplying x and y by appropriate unit series) 

w = x c y d (55) 

with ad — bcj^ 0. Suppose that (54) holds. Then there exist regular parameters x, y, z 
at p such that 

u = {x a y b ) k ^j{x a y b , z) + x'y 1 ) 

v — z 

w = {x a y b ) 1 

for some unit series 7, and ad — bc^ 0. Thus fi(p) — qi is a 2-point which has regular 
parameters 

u 

W\ = W,Ui = —,V\ = v 

w 

such that uiwi = is a local equation of Dy 1 and 
Wl = (x a y b Y 

ui = (x a y b ) k - l ^f(x a y b , z) + x~y d ) (56) 

v\ = z 

which has the form 2 (c) of Definition 3.4. 

If (55) holds, fi{p) = qi is a 2-point which has regular parameters 

u 

Wi = w, U\ = — , Vi = v 
w 

such that uiw\ = is a local equation of Dy 1 and 

w\ — x c y d 

Ui = x "k-c y bk-d (-57) 

Wl = z 

which has the form (9) of Definition 3.1. 

Comparing equations (51), (52), (53), (56) and (57), we see that after possibly 
replacing Y with a smaller afhne neighborhood of q, fi : X — > Yi is prepared. □ 

Lemma 5.2. Suppose that f : X — > Y is prepared and C C Y is a 2-curve. Then 
there exists a commutative diagram 

Xi A Yi 
X Y 

where $1 : 7i -» 7 w £/ie 6Zow up of C , §1 : X\ ^ X is a product of blow ups of 
2-curves, $1 is an isomorphism above / _1 (F — C) and fi is prepared. If Pi G X\ is 
a 3-point, so that p — $i(pi) is necessarily also a 3-point, we have that 

T fi(Pi) = T f(p)- 
Further, if Dx is cuspidal for f , then Dx 1 is cuspidal for f\. 

Proof. Let <J>i : Y\ — > Y be the blow up of C. By Lemma 3.12, there exists a 
commutative diagram 

Xi ^ Yi 



$1 i I* 

x ^> r 



such that $1 : Xi — > X is a sequence of blow ups of 2-curves, $1 is an isomorphism 
above f^ x (Y — C) and /1 is a morphism. 
We will show that fi : X\ — > Yi is prepared. 
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Suppose that q e C CY and p G (/ o $i) _1 (q). Let qi = fi(p), p' = 
Suppose that q is a 2-point 

Let u, v, w be permissible parameters at q. Suppose that p' satisfies 2 (a) of Def- 
inition 3.4. If qi is a 2-point, which has permissible parameters Ui,v\,w\ denned 

by 

U = U\, V = U\V\, W = W\ 

or 

U = U\V\,V = V\, W = Wi, 

then u\,vi are toroidal forms at p. If q\ is a 1-point, which has permissible parameters 
u\,v\,w\ defined by 

u = u\,v = u\(vi + a) , w = wi , 
with O^a, then U\,v\ are toroidal forms at p. 

Further, if p is a 3-point, then p' is a 3-point and q\ is a 2-point. Thus r/(p') > 0. 
After possibly interchanging u and v, we have that u,v,w have a form (23) at p' in 
terms of permissible parameters x, y, z for u, v, w at p', there are Ui,vi £ CV li9l such 
that U\,v\,w are permissible parameters at q±, with u — Ui,v — UiVi and there are 
permissible parameters x\,yi,z\ in Ox llP for u\,vi,w such that 

x =xl 11 y1 12 z1 13 
y — x i yi z \ 

~ — ™ a 31 ~, a 22 _a23 
Z — X l J/l Z l 

where natural numbers with Det(dy) = ±1. Thus Zu + Zv = Zu\ + Zv\, 

Hfi,p = Hf°$i,p — Hf,v'-> Afi,p = Af°*i,p = -^/,p') ^/i>p = ^f°<Pi,p — Lf, p > and 
r/iW = t/°*i(p) = r f (p'). 

Now suppose that u,v,w satisfy 2 (b) of Definition 3.4 at p' . Then $i is an 
isomorphism near p = p' since p' is a 1-point. If permissible parameters at qi are 
U\,vi,w with u — u\,v — u\Vi,w — u>i, then ui,vi,wi have the form 2 (b) at p 
also. If m = Mifi,t> = vi then we can interchange u and v in 2 (b) and make an 
appropriate change of permissible parameters at p to get a form 2 (b) for u\,v\,wi at 
p. If u = u\, v = u\(vi + a), with a ^ 0, then qi is a 1-point, and u\, w\ are toroidal 
forms at p. 

Suppose that u,v,w satisfy 2 (c) of Definition 3.4 at p'. Then there are regular 
parameters x\,y\,z\ in Oxt, P defined by 

x = x\y\,y = x\y{,z = Zx (58) 

with ad — bc = ±1 or 

x = xf( yi + af, y = x\{ yi + a) 1 , z = z x (59) 

with ad — bc= ±1 and ^ a G k. 

If (58) holds, then u, v, w satisfy 2 (c) of Definition 3.4 in Ox 1: p- If <Zi is a 2-point, 
which has regular parameters Ui,vi, w\ defined by 

u = U\V\, v — vi,w — wi (60) 

or 

u = u\,v = u\Vi,w = Wi (61) 

then at p there is an expression of ui,vi,u>i of the form 2 (c) of Definition 3.4. If qi 
is a 1-point, which has regular parameters ui,vi,u>i defined by 

u = u\, v = u\(vi + a), w = w\, (62) 

with / a £ k, then U\,W\ are toroidal forms at p. 
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If (59) holds, then p is a 1-point and there exist x\,y 1 £ Ox llP such that x\,y 1 ,z 
are regular parameters in Ox llP and 

x a 1 /'=W 1 ,x c 1 / d =^ 1 (y 1 +0) (63) 

for some ^ /3 £ k, and positive integers s, t. u, w, w thus satisfy 2 (b) of Definition 
3.4 at p. If gi is a 2-point, which has regular parameters u\,v\, w\ defined by (60) or 
(61), then at p there is an expression of u\,v\, w\ of the form 2 (b) of Definition 3.4. 
If qi is a 1-point, which has permissible parameters m,vi,wi defined by (62), then 
qi is a 1-point and u\, W\ are toroidal forms at p. 

Suppose that q is a 1-point. Let u,v,w be permissible parameters at q (satisfying 
3 of Definition 3.4). In this case, is an isomorphism near qi, so wc can identify q 
with q\. u,v,w thus have a form (12) or (13) of Definition 3.1 at p' . If (12) holds at 
p', then p = p', so u, v, w have a form (12) at p. Suppose that (13) holds at p'. Then 
p has regular parameters defined by (58) or (59), and we see that u, v, w have a form 
(12) or (13) at p. 

Suppose that q is a 3-point. Let u,v,w be permissible parameters at q. Then 
after possibly permuting u, v and w, we have that u, v, w have one of the forms (8) - 
(11) of Definition 3.1 at p', and thus u,v,w also have one of the forms (8) - (11) of 
Definition 3.1 at p. 

First assume qi is a 3-point. Further assume that p is a 3-point. Then u, v, w have 
the form of (23) at p, and have a form (11) of Definition 3.1 at p. Furthermore, if 
Tf(p') = — oo, then t/ $i(p) = -co, and if Tf(p) > 0, then t/ $! (p) > and Hfy = 
Hf <£ 1 .p, Afy = Af q, 1 . p and Tf(p') = Tf ^ 1 (p)- After possibly interchanging u and 
v, qi has permissible parameters ui,vi,wi such that one of the following equations 
(64), (65) or (66) hold: 

u = iti, v = u\Vi, w = w\ (64) 

or 

u = Mi, v = v\, w = U\W\ (65) 

or 

u = U\W\, v = V\, w = w\. (66) 

Assume that (64) or (65) holds. Then u\, vi, w\ have a form (11) of Definition 3.1 at 
p. If Tf(p') = -co, then r/ x (p) = -co, and if Tf(p') > 0, then 

Hf <s> 1 ,p = Hf ltP , 

AfoQ^p = A lup and r h (p) = t So ^ (p) = T f (p'). 

Assume that (66) holds. If Tf(p') = -co, then we can interchange u,v and w 
to obtain the case (64), which we have already analyzed, so we may assume that 
T f(p') > 0. In (23), we have at p an expression w — M (7 + A ) where M is a 
monomial and 

7 = a + ^ a i M * 
i>l 

is such that 

rank(u, v, Mi) = rank(u, v, M ) = 2 

for 1 < i and 

rank(u, v, No) = 3. 

Thus 

ff/o* 1)P = Zm + Zv + ZM + Z ^ = H f, P ' 

i>l 
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and 

A fo g, uP = Zu + Zv + ZM = A fy . 

If rank(z), Mo) = 2, then w, v is a toroidal form at p, so we have, after a change of 
variables in x, y, z at p, an expression of w, v, u of the form of (23), and (by Lemma 
3.10) we obtain the same calculation of iJ/ $ ljP and Af $ lyP for these new parameters. 
Thus (66) has been transformed into (65), from which it follows that Wi,Vi,Ui have 
a form (11) of Definition 3.1 at p and Tf 1 (p) = Tf(p'). 

If rank(w, M ) = 1, then rank(w, u) = 2 and w, u is a toroidal form at p. As in the 
above paragraph, we change variables to obtain a form (64), from which it follows 
that wi,ui,vi have a form (11) of Definition 3.1 at p and tj 1 (p) = r/(p'). 

Suppose that q\ is a 3-point and p is a 2-point. Then, after possibly permuting 
u, v, w, we have that u, v, w are such that u, v are toroidal forms of type (9) or type 
(10) of Definition 3.1 at p, and w = M-f where M is a monomial in x, y, and 7 is a 
unit series. 

First assume that u, v are of type (9) of Definition 3.1 at p. After possibly inter- 
changing u and v, qi has permissible parameters u±,vi,wi of one of the forms (64) 
(65) or (66). In any of these cases, we have an expression 

Ml = M^i, Vi = M 2 72, tl>l = M373 

where 71, 72, 73 are unit series and Mi, M 2 , M 3 are monomials in x, y with 

rank(Mi, M 2 ,M 3 ) = 2. 

Thus (after possibly interchanging u\,vx,wi) U\,vi,w\ have a form (9) of Definition 
3.1 at p. 

Now assume that u, v is of type (10) of Definition 3.1 at p (and there does not exist 
a permutation of u,v,w such that u, v are of type (9) at p. We continue to assume 
that qi is a 3-point. Then there are permissible parameters x,y, z at p such that 

u = (x a y b ) k 

v =(x a y b ) t (a + z) 

w = {x a y b ) l [j(x a y b 1 z) + x c y d ] 

where 7 is a unit series and ad — be =/= 0. 

If u = v = are local equations for C at q then after possibly permuting u and v, 
we may assume that q\ has permissible parameters U\,V\,W\ defined by 

U = til, V = U\Vi,W = W\. 

Thus ui,Vi,Wi have a form (10) of Definition 3.1 at p. Otherwise, we can assume, 
after possibly interchanging u and v that u = w = are local equations for C. If 
permissible parameters are defined at q\ by 

u = til, v = Vi, w = U1W1, 

then u\,v\,W\ have a form (10) of Definition 3.1 at p. 

The remaining possibility is that ui,v\,w\ are permissible parameters at qi, where 

ti = tiltOl, v = Vi , w = W\. 

Then 

Ul = {x a y b ) k - l [-i + x c y d ]- 1 

vi = (x a y b ) t (a + z) 

Wl =(x a y b ) l [y + x c y d ]. 
Define new regular parameters x, y, z at p by x = x\ x , y = y\ y , where X x , X y are unit 
series such that 

x a y b = { 1 + x c y d )=rx a tf. 
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Then 

Ul ={x a y b ) k - l { 1 + x c y d )-T 
Vl =(x a y b ) t [l + x c y d ]^{a + z) 
Wl = (x a y b ) 1 - 

If 

^(0,0,0)^0, 
then Wi, «i have a form (10) of Definition 3.1 at p. If 

|^(o,o,o) = 0, 

then Wi,vi have a form (10) of Definition 3.1 at p. 

There is a similar analysis (to the case when (10) holds at p) if p is a 1-point (and 
qi is a 3-point). After possibly permuting u,v,w, we find permissible parameters 
ui, vi , wi at q such that one of the forms (64) - (66) hold. As in the above paragraph, 
we see that (after possibly interchanging ui,vi,wi) Ui,vi,wi have a form (8) of 
Definition 3.1 at p. 

Still assuming that q is a 3-point, assume that qi is a 2-point. If p is a 3-point then 
p' is also a 3-point and there are permissible parameters x,y,z for u,v,w at p such 
that 

u = x a y b z c ji 
v — x y z J 72 
w — x l y m z n 'j3 

where 71 , 72 , 73 are unit series, and 

rank id e f \ > 2. 




After possibly permuting u,v and w, we may assume that qi has permissible param- 
eters m,vi,wi defined by 

u = m,v = vi,w = ui(wi + a) (67) 

with a ^ 0. Thus (a, b, c) = (I, m, n), so that 

. / a b c 
rank , . 
\ d e f 

and t/j (p) = Tf ® 1 (p) = Tf(p') > 0. We thus have that Mi, vi are toroidal forms at p, 
of type (11) of Definition 3.1 and Tf\ (p) = Tf(p'). 

We have a similar analysis if qi is a 2-point, p is a 2-point (q is a 3-point), and 
u,v satisfy (9) of Definition 3.1 at p. Then qi has permissible parameters Ui,Vi,W\ 
satisfying (67), and Ui, vi are toroidal forms of type (9) of Definition 3.1 at p. 

Now assume that p is a 2-point, qi is a 2-point, (q is a 3-point) and u, v satisfy (10) 
of Definition 3.1 at p and (9) of Definition 3.1 does not hold at p for any permutation 
of u, v, w. Then we have permissible parameters x,y,z at p such that 

u = (x a y b ) 1 

v =(x a y b ) t {(3 + z) 

w = (x a y b ) m (j(x a y b , z) + x c y d ) 

where 7 is a unit series and /3^0. If u = w = are local equations of C at q, then 
qi has regular parameters ui,vi,wi defined by 

u = ui,v = vi,w = ui(wi + a) (68) 

with Thus Ui,vi are toroidal forms of type (10) of Definition 3.1 at p. 



TOROIDALIZATION OF BIRATIONAL MORPHISMS OF 3-FOLDS 



41 



Ifu = D = arc local equations of C at q, then q± has permissible parameters 
ui,vi,wi defined by 

u = u\,v = ui(vi + f3), w = w\ (69) 

with (3 7^ and we thus have t = I. We have 

Ul = (x a y b ) 1 

Wl = (x a y b ) m {j + x c y d ) 

Vl = z 

Mi, wi, vi have the form 2 (c) of Definition 3.4 at p. 

There is a similar analysis in the case when (q is a 3-point) qi is a 2-point and 
p is a 1-point. Then (after possibly permuting u,v,w) u,v satisfy (8) of Definition 
3.1 at p. If u = w — are local equations of C at q, then qi has regular parameters 
ui , vi , wi defined by (68) , and Ui,vi are toroidal forms of type (8) of Definition 3 . 1 at 
p. If u = v = are local equations of C at q, then qi has regular parameters Ui, Vi, Wi 
defined by (69), and Ui,wi,vi have the form 2 (b) of Definition 3.4 at p. 

Comparing the above expressions, we see that fi is prepared. 

□ 

Remark 5.3. Suppose that f : X — > Y is prepared and $i : Xi — > X is either the 
blow up a 3-point or the blow up of a 2-curve. Then fi = fo&i : Xi —> Y is prepared. 
If Pi G Xi is a 3-point then p — $i(pi) is a 3-point and Tf 1 (pi) — r/(p). If Dx is 
cuspidal for f, then Dx x is cuspidal for fi. 

The remark follows by substitution of local forms of $i into local forms (Definition 
3.4) of the prepared morphism /. 

Lemma 5.4. Suppose that f : X — > Y is prepared, f2 is a set of 2-points ofY, and 
we have assigned to each qo £ ft permissible parameters u — u qa , v — v qa , w = w qo at 
(jo- Then there exists a commutative diagram 

Xi ^ Yi 

$ | | * (70) 

X ^ Y 

such that 

1. fi is prepared. 

2. * are products of blow ups of 2-curves. 

3. Let 

q _ ( qi S Y\ such that qi is a 2-point and qi = Ji(pi) 
1 ~ \ for some 3-point pi G (/ o $) _1 (fi). 

Suppose that qi G f^i with qo = ^(qi) G fi. Then there exist permissible 
parameters m,Vi,Wi at qi such that 





= ulv\ 




c ~d 

= U\Vi 


w qo 


= Wi 



for some a,b,c,d G N with ad — be = ±1, and if pi G f t 1 (qi ) is a 3-point, 
then there exist permissible parameters x, y, z at pi for ui,vi,wi such that 



a± b± ci 

ui =x 1 1 y 1 1 z 1 1 



v i =XiViZi 
wi = 71 + N-_ 



eiji ( 71 ) 
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where N\ — xf 1 y^z^ , with rank(u\, vi, Ni) = 3, 71 = ^ i ctiMi where a, £ k 
and each Mi is a monomial in x\,y\,z\ such that there are expressions 

M?' (72) 

with ai,bi,ei G N and gcd(ai,bi,ei) = 1 for all i. Further, there is a bound 
r G N such that < r for all Mi in expressions (72). 

4. If D x is cuspidal for f , then D Xl is cuspidal for f\. 

5. * is an isomorphism above f~ x (Y — T,(Y)). 

Proof. Suppose that qo G fl. Let the 3-points in f (qo) be {jp\, . . . ,pt}- Each pi has 
permissible parameters x,y, z such that there is an expression of the form (23), 

u qo = x a y h z c 

v qo = x d y e zf (73) 

where N — x 9 y h z l 1 7 = a i^i with relations 

Mf* = u a >v b > (74) 

with ai, bi, Ci G Z, ei > 0. 

We construct an infinite commutative diagram of morphisms 



I 


fn 


I 


X n 


Y n 


$n I 




l*„ 


*2 1 




1 *2 


X x 


h 


Y 1 


$1 1 




j*i 


X 


Y 



(75) 



as follows. Order the 2-curves of Y, and let *i : Y\ — > Y be the blow up of the 
2-curve C of smallest order. Then construct (by Lemma 5.2) a commutative diagram 

X 1 ^ Y x 

*i I l*i (76) 

X Y 

where f\ is prepared, $1 is a product of blow up of 2-curves and $1 is an isomorphism 
above f _1 (Y — C). Order the 2-curves of Y\ so that the 2-curves contained in the 
exceptional divisor of *i have larger order than the order of the (strict transforms of 
the) 2-curves of Y. 

Let *2 ■ Y 2 — > Y\ be the blow up of the 2-curve C\ on Y\ of smallest order, and 
construct a commutative diagram 



v h 
A 2 — > 


Yi 


$2 1 


1*2 


X l h 





as in (76). We now iterate to construct (75). Let = ^1 o • o : Y n — > y, 
i„ = $io--.o$ B :I B ^ X. 

Let f be a 0-dimensional valuation of k(X). Let p„ be the center of v on X„, 
<7n = fn(p n )- We will say that v is resolved on X n if one of the following holds: 
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1. *«(<?«) ^ SI or 

2- = <?o e SI and 

(a) p n is not a 3-point or 

(b) p n is a 3-point such that a form (71) holds for p n and q n = f n (p n ) so 
that (72) holds. 

Observe that if v is resolved on X n , then there exists a neighborhood t/ of the center 
of v in X n such that if w is a O-dimensional valuation of k(X) whose center is in U, 
then w is resolved on X n , and if n' > n, then v is resolved on X n t. 

We will now show that for any O-dimensional valuation v of k(AT), there exists 
n G N such that v is resolved on X n . 

If the center of v on Y is not in SI or if the center of v on X is not a 3-point, then 
v is resolved on X, so we may assume that the center of v on Y is go £ SI and the 
center of v on X is a 3-point p. 

Suppose that v{u qa ) and v(v qo ) are rationally dependent. Then there exists n such 
that the center of v on Y n is a 1-point. Thus v is resolved on X n . 

Suppose that v{u qo ) and v{v qo ) are rationally independent. At the center p of v 
on X, 

u = u qo , v = v qo , w = w qa 
have an expression (23). We may identify v with an extension of v to the quotient 
field of Ox, P which dominates Ox,p- We have 

u = x a y b z c , v = x d y e z f , 

and 

Mf =u k >v h =x a *y b *z c ' 
with ki,k e Z, ej > 0, a i; 6j, Cj <E N. Thus, for all i, (fcj, l{) G cr, where 
tr = {(fc, e Q 2 | fca + W > 0, kb + le> 0, fee + Z/ > 0}. 

Since 

rank ( , .1=2, 
\ d e f J 

a is a rational polyhedral cone which contains no nonzero linear subspaces, and is 
contained in the (irrational) half space 

{(k,l) | ku(u) + lu(v) > 0}. 

Let Ai = (mi,m 2 ), A 2 = (ni,n 2 ) be integral vectors such that a = Q+Ai + Q+A 2 . 
Since Ai, A 2 are rational points in a, we have v{u mi v m2 ) > and v(u ni v n2 ) > 0. 

Since v{ti) and v{v) arc rationally independent, there exists (by Theorem 2.7 [CI]) 
a sequence of quadratic transforms k.[u, v] — > k[ui,«i] such that the center of v on 
k[ui,«i] is (ui,ui), there is an expression 

u = u^v^v = u^vf 

for some a,b,c,d £ N with ad -be = ±1, and u mi v m2 ,u ni v n2 G k[ui,«i]. Thus 
there exists a rational polyhedral cone a\ C Q 2 containing Ai and A 2 such that 
k[tii,t>i] = k[cri n Z 2 ]. We thus have Mf* G k[tii, ui] for all i, so that for all i, M? 4 is 
a monomial in ui and v\ . 

There exists n such that the center of v on Y n has permissible parameters u\ , «i , Wi 
where 

u = ujvf, v = ujvf, w = w 1 . (77) 
We thus have hi, bi G N such that 
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Mf* = u?v* (78) 

for all i. Let p„ be the center of v on JT„. If p n is not a 3-point, then v is resolved on 
X n . 

If p„ is a 3-point, then u\,v\,wi (defined by (77)) are permissible parameters at 
f n {Pn)- There exist permissible parameters X\,y\,z\ at p n for m,vi,w\ defined by 

x = x^y^z" 13 
y = x\ 21 y a x 22 z\ 23 
z = x1 31 y^ 132 z^ 33 

where £ N, and Det(cijj) = ±1. Substituting into the expression (23) of u, v,w at 
p, we have expressions 

ui = x\y\z\, V! = xfyfz(, N = x\y\z\, 

where 

Det 

Let v\ = (a,b,c), v 2 = {d,e,f), 

a 2 = Q+vi + Q+V2 C Q 2 . 

By Gordon's Lemma, (Proposition 1 [F]) a 2 (~1 Z 3 is a finitely generated semi group. 
Let wi,... , w n £ (72 n Z 3 be generators. There exists O^rGN and Sj,€j £ N such 
that 

Sj _ €j _ 
Wi = —Vi + —v 2 
r r 

for 1 < j < n. Since the exponents of 

ii. li 

Mi = u{> 

are in cr 2 H Z 3 for all i, we have an expression 

M l = U{ V{ 

with cii,bi £ N for all Mj appearing in the expansion (23) of w. Thus v is resolved 
on X n . 

By compactness of the Zariski-Riemann manifold of X ([Zl]), there exist finitely 
many Xi, 1 < i < t, such that the center of any O-dimensional valuation v of k(X) is 
resolved on some Xi. Thus X t — ► Y t satisfies the conclusions of the Lemma. 

□ 

Definition 5.5. Suppose that f : X — > Y is prepared, and q £ Y is a 2-point. 
Permissible parameters u 7 v,w at q are super parameters for f at q if at all p £ 

f^ 1 {q), there exist permissible parameters x,y,z for u,v,w at p such that we have 
one of the forms: 

1. p is a 1 -point 

u = x a 

v = x b (a + y) 

w — x c -f(x,y) + x d (z + (3) 

where 7 is a unit series ( or zero ), 7^ a £ k and (3 £ k, 
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2. p is a 2-point of the form of (9) of Definition 3.1 

u = x a y b 
v — x c y d 

w = x e yt-f(x, y) + x 9 y h (z + (3) 

where ad — be ^ 0, 7 is a unit series (or zero), and /?€ k. 

3. p is a 2-point of the form of (10) of Definition 3.1 

u = (x a y b ) k 

v = (x a y b Y(a + z) 

w = {x a y b ) l j{x a y b , z) + x c y d 

where ^ a £ k, ad — be ^ and 7 is a unit series (or zero). 

4. p is a 3-point 

u — x a y b z c 
v = x d y e z i 
w = x 9 y h z tr ) + x j y k z l 

where rank(u,v,x : 'y k z l ) — 3, rank(u,v,x 9 y h z 1 ) — 2 and 7 is a unit series in 
monomials M such that rank{u, v, M) = 2 (or 7 is zero). 

Lemma 5.6. Suppose that f : X — > Y is prepared, q 6F is a 2-point and u, v, w are 
permissible parameters at q. Then there exists a commutative diagram 

X 1 ^ Y x 

$1 I I *i (79) 

X Y 

such that 

1. f\ is prepared. 

2. $1 is a product of blow ups of 2-curves and 3-points such that $1 is an iso- 
morphism above f _1 (Y — T,(Y)). *i is a product of blow ups of 2-curves. 

3. Suppose that qi 6 "i!^ 1 (q) is a 2-point, so that q\ has permissible parameters 
Ui,Vi,Wi defined by 

u — u1v\ 

v = u^vf (80) 
w = w\ 

for some a, b, c, d <E N with ad — bc^ 0. Then ui,Vi,Wi are super parameters 
at qi. 

4. If Dx is cuspidal for f , then Dx ± is cuspidal for f\. 

5. Suppose thatpi e X\ is a 3-point. Then p — 3>i(p) is a 3-point andTf 1 (pi) = 

Tf( P ). 

Proof. By Lemma 5.2 and Remark 5.3, any diagram (79) satisfying 2 satisfies 1, 4 
and 5. Further, if p e f^ 1 (q), u,v,w are super parameters at p, pi e ^ 1 (p) is such 
that = qi is a 2-point, then the permissible parameters Ui,v\,wi of (80) at q\ 

are super parameters at p\ . 

Step 1. We will show that there exists a sequence of blow ups of 2-curves and 3- 
points <&i : X\ — ► X such that $1 is an isomorphism over f^ 1 (Y — T,(Y)) and u, v, w 
are super parameters at all 3-points p € (/ o $ 1 )^ 1 (g). 
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Suppose that p G f 1 (q) is a 3-point, so that there exist permissible parameters 
x,y,z G Ox, P at p for u, v, w such that 

u — x a y b z c 

v = x d y e z f (81) 
w = g(x,y,z) + N 

of the form of (11) of Definition 3.1 and (17) of Lemma 3.2. There exist regular 
parameters x,y, z in Ox, P , and unit series Ai, A 2 , A 3 G Ox, P such that 

x = x\i,y = y\2,z = z\ 3 . 

xyz — is a local equation of Dx at p. 

There is an expression g — J2 a i^i where Q; £k and Mi = x ai y bi z Ci are monomi- 
als in x,y,z such that rank(u, v, Mi) = 2. Let I p be the ideal in Ox, P generated by 
the x ai y bi z Ci for a,i,bi,a appearing in some Mi. There exists an r such that 

P = (x ao f fco z Co ,x ai |/ bl z Cl , . . . ,x ar y br z Cr ). 

We have relations M?* = u oli v^ i with ei,ai 7 (3i G Z and > for all i. Thus for 
a G spec(Ox,p), {I p )a is principal if u or v is not in a. 

By Lemma 3.13, there exists a sequence of blow ups of 2-curves and 3-points 
$1 : X\ — > X such that $i is an isomorphism over f^ 1 (X — S(F)) and I p Ox 1 , Pl is 
invertiblc for all 3-points p G X such that f(p) = q andpi G (p). fo$> 1 : X\ — > X 
is prepared by Remark 5.3. 

Suppose that pi G X\ is a 3-point. Then p — <I>i(pi) is also a 3-point, and 
t/ $! (pi) = Tf(p) (by Remark 5.3). Let notation be as in (81). There exist permissible 
parameters xi,yi,zi for the permissible parameters u 7 v,w at pi such that x\,yx,z\ 
are defined by 

z = x f 1 y 1 32 zf 3 , 

where ay G N, Det(ay ) = ±1. Thus all of the Mi and N arc distinct monomials 
when expanded in the variables x\,y\,zi, so that g(x, y, z) is a monomial in x\, yi, z\ 
times a unit series (in x\,y\,z\). Thus u, v, w are super parameters at p\. 



Step 2. We will show that there exists a sequence of blow ups of 2-curves $2 : 
X2 —> X\, where $1 : X\ — > X is the map constructed in Step 1, such that $2 is 
an isomorphism over (/ o $ 1 )~ 1 (F — S(t/)) and u,v,w are super parameters at all 
p G (/o$! o$ 2 ) _1 ((jr) for which p is a 3-point or p is a 2-point of type (9) of Definition 
3.1 for u, v, w. 

Let fi = f o Let v be a O-dimcnsional valuation of k(AT). Let p be the center 
of v on X\. Say that 1/ is resolved on X\ if 

1- hi?) + Q, or 

2. p is not a 2-point of type (9) of Definition 3.1, or 

3. p is a 2-point of type (9) and u, v, w are super parameters at p. 
We construct an infinite sequence of morphisms 

(83) 

as follows. Order the 2-curves C of X x such that q G (/ o <&i)(C) C S(F). Let 
$2 : Af 2 — > A'i be the blow up of the 2-curve Ci on X\ of smallest order. Order 
the 2-curves C of X 2 such that q G (/ o $1 o $ 2 )(C") G £(Y) so that the 2-curves 
contained in the exceptional divisor of $2 have order larger than the order of the (strict 
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transform of the) 2-curves C of X such that q G f(C) C E(Y). Let $ 3 : Y 3 — » F 2 
be the blow ups of the 2-curve C2 on I3 of smallest order, and repeat to inductively 
construct the morphisms <!>„ : X n — > X„_i. Let $„ = $ 2 • • • 3>n : X„ — * -^l- The 
morphisms / o are prepared by Remark 5.3. 

Suppose that p G fi 1 {q) is a 2-point satisfying (9) of Definition 3.1, so there exist 
permissible parameters x, y, z at p for u, v, w such that 

u = x a y b 

r d 

v — x y 

w = g(x,y) + x e y f z 

with ad — be ^ 0. There exist regular parameters x,y,~z in Ox llP and unit series 
Ai, A2 G Ox llP such that 

x = x\i,y = y\ 2 . 

xy = is a local equation of Dx ± at p. 

If f(s),z/(y) are rationally independent, then the center of v on X n is a 2-point 
for all n, there exists an n such that the center of v on X n is a 2-point satisfying (9) 
of Definition 3.1 and u,v,w are super parameters at p\, by embedded resolution of 
plane curve singularities (cf. Section 3.4 and Exercise 3.3 [C3]) applied to g(x, y) = 0. 
If v(x), v{y) are rationally dependent, then there exists an n such that the center p 1 
of v on X n is a 1-point. 

By compactness of the Zariski-Riemann manifold of k(X) [Zl], there exists an n 
such that all points of X n are resolved. Thus there exists a sequence of blow ups of 
2-curves $2 : X2 — > Xi such that the conclusions of Step 2 hold. 



Step 3. We will show that there exists a diagram (79) satisfying the conclusions of 
the lemma. 

After replacing / with / o $ x o $ 2 , we can assume that / satisfies the conclusions 
of Step 2. We construct a sequence of diagrams (79) satisfying 1, 2, 4 and 5 of 
the conclusions of the lemma as follows. Let : Y\ — > Y be the blow up of the 
2-curve C containing q. We order the two 2-curves in Y\ which dominate C . Let 
^2 : Y 2 — > Y\ be the blow up of the 2-curve of smallest order. Now extend the 
ordering to the 2-curves of Y 2 which dominate C, by requiring that the two 2-curves 
on the exceptional divisor of ^2 which dominate C have larger order than the order 
of the (strict transform of the) 2-curve on Y\ dominating C (which was not blown up 
by ^2)- Now let ^3 : Y3 — ► Y 2 be the blow up of the 2-curve of smallest order. We 
continue this process to construct a sequence of blow ups of 2-curves 

■ • • — > Y n -4 y„_i — > • • • — > Yi — > Y. 
Let = *i o • • ■ o Let 



U 



p G / 1 (q) such that u,v,w have a form (8) or (10) of 
Definition 3.1 or of 2 (b) or 2 (c) of Definition 3.4 at p 



U is an open subset of / 1 (q). For each p G U, there exists n(p) such that n > n{p) 
implies the rational map ^ n o / is defined at p, and (\& n o f)(pi) is a 1-point, for 
pi in some neighborhood C/ p of p in C/. {J7 P } is an open cover of U, so there exists a 
finite subcover {U Pl , . . . , U Pm } of ?7. Let n = max{n(pi), . . . ,n(p m )}. We have that 

*n f(p) 1S a 1-point if p G £7. 
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By Lemma 5.2, we can now construct a commutative diagram 

vi n 1 n 

$n I I * n 

X Y 

such that 1, 2, 4 and 5 of the conclusions of the lemma hold. 

If pi G X n is such that f n {pi) = qi £ (q) is a 2-point, then $ n (pi) GY — U, 
and thus w, w, w have a form 2 or 4 of Definition 5.5 at p. As observed at the beginning 
of the proof, p\ must have one of the forms 1 - 4 of Definition 5.5 with respect to the 
permissible parameters ui,vi,wi at qi defined by 3 of the statement of Lemma 5.6. 
Thus /„ satisfies 3 of the statement of Lemma 5.6. □ 

Theorem 5.7. Suppose that f : X —>Y is prepared, t = Tf(X) > and all 3-points 
p of X such that Tf(p) = t map to 2-points ofY. 
Let 

q 6 Y such that q is a 2-point and 
there exists a 3-point p 6 / _1 (<;) 

Then there exists a commutative diagram 



X 1 ^ Y 1 

X ^ Y 

such that the following conditions hold: 

1. $ is a product of blow ups of 2-curves and 3-points such that $ is an isomor- 
phism above ,f^ 1 (Y — T,(Y)). ^ is a product of blow ups of 2-curves. 

2. fi is prepared. 

3. All 3-points p\ of X\ such that Tf 1 (pi) = r map to 2-points ofY\, and if 
Pi E X\ is a 3-point, then Tf 1 (pi) = T/(<&(pi)). 

4. Let 

_ ( q € Y\ such that q is a 2-point, q G <I'~ 1 (0) 1 
1 [ and there exists a 3-point p £ f^ 1 (q). J ' 

Ifq£fli is a 2-point andpi, ... ,p r £ f\ 1 {q) are the 3 points in fi 1 (q), then 
there exist u, v 6 £Vi,<j and Wi G Oy lA for 1 < i < r such that u,v,Wi are 
(formal) permissible parameters at q for 1 < i < r and at the point pi we have 
permissible parameters x, y, z for u, v, Wi such that we have an expression 
(a) 

u = x a y b z c 
v = x d y e z-f 
Wi = M-f 

where 7 is a unit series, M is a monomial in x, y, z and there is a relation 
with a,i, bi, e, £ Z, e, > 1 and gcd(ai, bi, ej) = 1 or 



(b) 



u — x a y b z c 
v — x d y e zf 
Wi = x 9 y h z l 
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where 

(a b c \ 
d e / 
g h i J 

has rank 3. 

Further, there exists w G Oy 1 . q and Xi(u, v) G k[[u, v]] for 1 < i < r such that 

Wi — w — Aj(u, v) 

for 1 < i < r. 

5. For q E fli and for u,v,Wi with 1 < i < r in 4 above, u,v,Wi are super 
parameters at q. 

6. Suppose that Dx is cuspidal for f. Then Dx ± is cuspidal for f\. 

7. Suppose thatpi eli is a 3-point. Then p = <J>i(p) is a 3-point and Tf 1 (pi ) = 

Tf(p). 

Remark 5.8. The proof actually produces expressions 4 ( a ) w ith 

w i = M'y = g i (uT,vT) + N 
where I € N and gi is a series, N is a monomial in x, y, z and rank(u, v, N) = 3. 
Proof. By Lemma 5.4, there exists a diagram 

X x ^ Yi 

$ I I * (84) 

X ^ Y 

where $, ^ are products of blow ups of 2-curves such that for all 2-points q £ <I'~ 1 (f2), 
there exist (algebraic) permissible parameters u qi v q ,w q at q such that if p G X\ is 
a 3-point such that f(p) = q, then there are permissible parameters x, y, z at p such 
that there is an expression 

u q = x a y b z c 

v q = x d y e z f (85) 
w q = 7 + N 

where rank(u g , v q ) — 2, 7 is a (possibly trivial if T/j(p) = 0) series 7 = cuMi in 
monomials Mj in x, y, z such that rank(u 9 , v q , Mi) = 2 for all i, and iV is a monomial 
in x, y, z such that rank(u g , v q ,N) = 3. Further, there are relations 

M? = <^ (86) 

for all Mi, with ai,bi,ei G N and > 0. Let h p (u q , v q ) be the series in the monomials 
Mi of 7 such that = 1 in (86). Let w p = w q — h p . Let 

_ f q G Yi such that q is a 2-point, (7 G 5'~ 1 (ri) 
[ and there exists a 3-point p G / _1 (<z) 

After performing a further sequence of blowups of 2-curves above Xi , we then achieve 
(by Lemma 3.11) that 4 of the conclusions of Theorem 5.7 hold. Now the proof follows 
from Lemma 5.6, applied successively to all g£f!' and permissible parameters u, v, w p , 
for p G fi 1 {q) a 3-point. 

□ 



■ 
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6. Relations 

In this section, we suppose that Y is a nonsingular projective 3-fold with toroidal 
structure Dy, and / : X — > Y is a birational morphism of nonsingular projective 
3-folds, with toroidal structures Dy and Dx = f~ 1 (Dy), such that Dy contains the 
fundamental locus of /. 

Definition 6.1. Suppose that Y is a nonsingular 3- fold with SNC divisor Dy. A 
2-point pre-relation R onY is an association from a finite set U (R) of 2-points ofY. 
Ifqe U(R), then 

S = S R (q),E 1 = E R . 1 (q),E 2 = E R . 2 (q),w = w R (q),u = u R (q), 
v = v R (q), e = e R (q), a = a R (q),b = b R (q),\ = X R (q) 



R(q) 



(87) 

where E\,E 2 are the components of Dy containing q, a,b,e G Z, gcd(a,b,e) = 1 
and e > 1. u,v G Oy A , w G Oy, q are such that u 7 v,w are (formal) permissible 
parameters at q, u = is a local equation of E\, v = is a local equation of E 2 . 
S = spec(6y q /(w)), ^ A G k. 

We will also allow 2-point pre-relations with a = b = — oo, e = 1 and A = 1. 

Observe that if R is a 2-point pre-relation (and a, b ^ — oo) then R(q) is determined 
by the expression 

w e - Xu a v h . (88) 

Depending on the signs of a and b, this expression determines a (formal) germ of an 
(irreducible) surface singularity 

F = F R (q) = (89) 

of one of the following forms: 

if a, b > and a + b > 0, 
if a < 0, b > 0, 



F = w e - \u a v b = 
F = w e u- a - \v b = 
F = w e v- b - Xu a = 



if b < 0, a > 0. 

In the remaining case, a, b < 0, 

F = w e u- a v- b - A 

is a unit in Oy, q and F(q) ^ 0. 

If a, b = — oo, then R(q) is determined by 

F R (q) = w R (q) = 0. (90) 

Definition 6.2. A 2-point pre-relation R on Y is algebraic if there exists a nonsin- 
gular irreducible locally closed surface Q(R) C Y such that Q(R) makes SNCs with 
Dy, U(R) C Cl(R) and S R (q) is the (formal) germ of Q(R) at q for all q G U(R). 

Definition 6.3. A 3-point pre-relation R on Y is an association from a finite set 
U(R) of 3-pomts ofY. If q G U(R) then 

Ei = E RA (q),E 2 = E Rt2 (q),E 3 = E Rfi {q), u = u R {q), v = v R (q), 
w = w R (q), a = a R (q), b = b R (q), c = c R (q),X = X R (q) 



R(q) 



'(91) 

where E\,E 2 , E 3 are the components of Dy containing q, a, b, c G Z, gcd(a, b, c) = 1, 
min{a,b,c} < < max{a, b, c}. u,v,w G Oy, q are permissible parameters at q such 
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that u — is a local equation of E\ , v = is a local equation of E2, w = is a local 
equation of E3, and ^ A 6 k. 

Observe that if R is a 3-point pre-relation then R(q) is uniquely determined by the 
expression 

u a v b w c = A. (92) 

Depending on the signs of a, b and c, this expression determines a germ of an (irre- 
ducible) surface singularity 

F = F R (q) = (93) 

of one of the following forms: 



F 


— w c - 


\u~ a v- b = if a,b< 0,c> 


F 


= v b - 


\u- a w- c = if a,c< 0,6 > 


F 


= u a - 


\v~ b w~ c = if b,c < 0,a > 


F 


= w~ c 


- hi a v b if a,b> 0,c< 

- i«"w c if a, c> 0, 6 < 

- iiA« c if &,c> 0,a < 


F 


= v- b 


F 


= ir a 



(94) 



A pre-relation R is resolved if Fn{q) is a unit in Oy,q for all g € U(R) (This includes 
the case U(R) = 0). 

Definition 6.4. A subvariety G ofY is an admissible center for a 2-point pre-relation 
R on Y if one of the following holds: 

1. G is a 2-point. 

2. G is a 2-curve ofY. 

3. G C Dy is a nonsingular curve which contains a 1 -point and makes SNCs 
with Dy- If q € U{R) (~l G t/ien Sn(q) contains the germ of G at q. If R is 
algebraic, then G makes SNCs with fl(R). 

Definition 6.5. A curve C <ZY is an admissible center for a 3-point pre-relation R 
on Y if C is a 2-curve. 

Observe that admissible centers are possible centers. 

Suppose that R is a 2-point (or a 3-point) pre-relation on F, G is an admissible 
center for R, and \I> : Y\ — > Y is the blow up of G. 

If R is a 2-point pre-relation then the transform R 1 of R on Yi is the 2-point 
pre-relation on Y\ defined by the condition that U{R 1 ) is the union over q G U(R) of 
2-points q\ in 1 ^>^ 1 (q) such that qi is on the strict transform of WB,(q) = 0. For such 
gi, R 1 {qi) is determined by the strict transform of the form Fa(q) = (89) (or (90)) 
on Yi at qi . 

If q £ U(R) n G, and 

U = u R (q),v = v R (q),w = w R (q), 
then G has local equations of one of the following forms at q: 

1. u = v = w = 0, 

2. u = v = 0, 

3. M = j« = 0oru = M; = 0. 

If qi € U(Ri) n * _1 ((7), then after possibly interchanging u and v, 

ui = Ufli(gi),ui = Ufli(gi),wi = ^^1(91) 
are defined, respectively, by 

1. U = U\,V = U\Vl,W = MllOl, 
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2. U = til, V = U\V\, W = Wl, 

3. U = Ul,V = V\,W = U\W\. 

If R is algebraic, then the transform R 1 of R is algebraic, where ^(R 1 ) is the strict 
transform of (R) by ty. 

If R is a 3-point pre-relation then the transform R 1 of R on Yi is the 3-point 
pre-relation on Y\ defined by the condition that U(R 1 ) is the union over q G U(R) of 
3-points qi in 1 >S~ 1 (q) such that qi is on the strict transform of the form F R {q) = 
of (93) on Y\. For such qi, R 1 (qi) is determined by the strict transform of the form 
F R (q) = at gi. 

After possibly interchanging u = u R (q),v = fij(g) and w — w R (q), 
ui = u R i (qi),vi = v R i (qi), wi = w R i (qi) 

are defined by 

U = U\,V = U\V\,W = Wl. 

Definition 6.6. Suppose that f : X — > Y is a prepared morphism. A primitive 
2-point relation R for f is 

1. A 2-point pre-relation R on Y , 

2. A set of 3-points T = T(R) C U ge[/ ^/ _ (q) such that if p G and 

R{f{p)) = {S,E 1 ,E 2 ,w,u,v,e,a,b,\ p ) 

then there exist permissible parameters x, y,z at p for u, v, w such that 

w e = u a v b A(x,y, z) 

where A is a unit series such that A(0, 0,0) — \ p if a,b ^ — oo, and u,v,w 
have a monomial form at p if a = b = — oo. 

We define R(p) = R(f(p)) if p G T(R), and denote 

S = S R (p),E 1 (p),E 2 (p),w = w R {p),u = u R (p), 
v = v R (p),e = e R (p), a = a R (p), b = b R {p), \ p = X R (p) 



R(p) = 



A 2-point relation R for f is a finite set of 2-point pre-relations {Ri} on Y with 
associated primitive 2-points relations Ri for f such that the sets T{Ri) are pairwise 
disjoint. We denote U(R) = UiU(Ri) andT(R) = UiT(Ri), and define 

R(p) = Ri(p) 

ifp G T(Ri). 

We further require that 

U R t (l) = U R 3 (?) = % (l) 

if q G U(Ri) n U(Rj). We will call {Ri} the 2-point pre-relations associated to R. 
We will say that R is algebraic if each Ri is algebraic and 

Q(Ri) n U(R) = U(Ri) (95) 

for all i. For p G T(Ri) C T(R), we denote 



R(P) = 



S = S R {p),Ei(p),E 2 (p),w = wr(p),u = u R (p), 

v = v R (p),e = e R (p), a = a R (p), b = b R (p), X p = X R (p) 



Definition 6.7. Suppose that f : X — > Y is a prepared morphism. A primitive 
3-point relation R for f is 

1. A 3-point pre-relation R on Y, 
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2. A set of 3-points T(R) C U qeU(R ^f 1 (q) such that if p G T(R) and 

R{.f{p)) = {Ei,E 2 ,E 3 ,u,v,w,a,b,c,\ p ), 
then there exist permissible parameters x, y, z at p for u, v, w such that 

u a v b w c = A(x,y, z) 

where A is a unit series such that A(0, 0, 0) = X p . 
We define R(p) = R(f(p)) if p £ T(R), and denote 



R(p) = 



Ei = Ei(p),E 2 = E 2 (p),E 3 = E 3 (p),u = u R (p),v = v R (p), 
w = w(p),a = a R (p), b = b R (p),c = c R (p), X p = X R (p) 



A 3-point relation R for f is a finite set of 3-point pre-relations {Ri} on Y with 
associated primitive 3-points relations Ri for f such that the sets T(i?j) are pairwise 
disjoint. We denote U(R) = UiU(Ri) and T(R) = UiT(Ri), and define 

R(p) = Ri(p) 

ifpe T(Ri). 

We further require that we have equalities 

u r, (?) = u r 3 *% (?) = % (1), v% (q) = v% (q) 

if q E U(Ri) fl U(Rj). We will say that {Ri} are the 3-point pre-relations associated 
to R. Forpe T(Ri) C T(R), we denote 



R(p) 



Ei = E 1 (p),E 2 = E 2 (p),E 3 = E 3 (p),u = u R (p),v = v R (p), 
w = w R (p), a = a R (p), b = b R (p), c = c R (p), X p = X R (p) 



A (2-point or 3-point) relation R is resolved if T(R) = 0. 

Definition 6.8. Suppose that f : X — > Y is prepared, R is a 2-point (respectively 
3-point) relation for f and 



Xi 




Yi 


<f I 




I* 


X 




Y 



is a commutative diagram such that 

1. ^ is a product of blow ups which are admissible for all of the pre-relations 
Ri associated to R (and their transforms) and $ is a product of blow ups of 
possible centers 

2. fi is prepared. 

3. Let Ri be the transforms of the Ri on Y\ and let 

T l = {peX 1 \p is a 3-point and p e $" 1 (T(i? l )) H /f 1 {U(r\ ))}. 
Suppose that the condition 2 of Definition 6.6 (respectively 2 of Definition 
6. 7) are satisfied for fi : Xi — > Yi , and all Ri and T; L . 

Then the transform R 1 of R for f\ is the 2-point (respectively 3-point) relation for ,/i 
defined by Definition 6.6 (respectively Definition 6.7) as 

T(R 1 ) = UT l7 
i2 1 (p)=^ 1 (/i(p)) 

forpe Ti. 
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Theorem 6.9. Suppose that R is a 3-point pre-relation on Y. Then there exists a 
sequence of blow ups of 2-curves Y\ — > Y, such that if R 1 is the transform of R on 
Y\, then R 1 is resolved. 

Proof. Suppose that 5>i : Yi — ► Y is a sequence of blow ups of 2-curves. Let R 1 be 
the transform of R on Y\. We will say that a O-dimensional valuation w of k(Y) is 
resolved on Y\ if the center q\ of w on Y\ is not in U(R}). 

Observe that if u> is resolved on Y\ , then there exists an open neighborhood £ of 
qi in Y\ such that all O-dimensional valuations v of k(Y) whose center on Y\ is in S 
are resolved on Yi. Further, if $2 : Y2 —> Y is a sequence of blow ups of 2-curves, 
which factors through Y\ , and uj is resolved on Y\ , then u is resolved on Y 2 . 

We will show that for each O-dimensional valuation v of k(Y), there exists a se- 
quence of blow ups of 2-curves Y v — > Y such that the center of v is resolved on 
Y v . 

Let 1/ be a O-dimensional valuation of k(Y), and suppose that the center of v on 
Y is q e U(R). Let F = Fji(q) (with the notation of (94)). The sequence of blow ups 
of 2-curves Y v — > Y such that ^ is resolved on Y„ is constructed as follows. 

After possibly permuting u, w, w in (94), possibly replacing A with j, and observing 
that gcd(a, b, c) = 1, we have an expression 

F = w~ — AuV (96) 

(with a = ±a, b = ±b > 0, c = ±c > 0) and such that if a — then c < b and if 6 = 
then c <a. 

Suppose that a + b < c in (96), so that a > (and 6 > 0). Let $1 : Y\ — > Y be the 
blow up of the 2-curve with local equations u = w = at q. Let R 1 be the transform of 
R on Yi. There are two 3-points gi, 52 € (q). qi has regular parameters ui,v\,wi 
denned by u = U\,v = V\,w = uiw\. The strict transform of F = has the local 
equation 

F 1 = v\ - i«i~ 3 t«f = 
A 

at q\. We have a form (96) for F 1 = F R i (qi) with a reduction in c to 6. q 2 has regular 
parameters defined by u = uiW\,v — v\,w = u>\. The strict transform of 

F = has the local equation 

F 1 = io=- s - a«;«{ = 

at (72- Thus 52 £ U{R r ) and we have a form (96) for F 1 — F^i{q2) with a reduction 
in c to c - a. 

Suppose that a > c in (96). Let $1 : Y\ — > Y be the blow up of the 2-curve 
with local equation it = w = at Let i? 1 be the transform of R on Yl. There 
are two 3-points 51,^2 G < E> 1 " 1 (g). qi has regular parameters ui,«i,wi defined by 
u = ui, v = v\, w = u±wi. The strict transform of F = has the local equation 

F 1 = wf - Xu^-'uf = 

at q 1 . Suppose that qi G U{R 1 ) (which holds if 6 + a — c > 0). If a = c and 
b < c we have a reduction in c in the expression of the form (96). If b = and 
a — c < c we have a reduction in c. Otherwise, c stays the same, but we have a 
reduction in a + b in f 1 = F R i(qi). q 2 has regular parameters u\,vi,wi defined by 
u = u\Wi,v = v\ , w = w\ . The strict transform of F = has the local equation 

A 

at q 2 . Thus q 2 gU(R 1 ). 
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We have a similar analysis to the above paragraph if b > c. In this case we blow 
up the 2-curve with local equations v — w — at q. There is at most a single point 
qi G ^ 1 (q) fl UlR 1 ). We have a reduction in a local equation F 1 = F^i(q\) = of 
the strict transform of F — at qi of the form (96) of c, or c stays the same but we 
have a reduction in a + b. 

The final case which we must consider is when a + b > c and a, b < c. Let 
$i : Y"i — > Y be the blow up of the 2-curve with local equation u = w = at q. 
There are two 3-points qi,qi G <&r (g). qi has regular parameters ui,vi,w\ defined 
by u = Ui,v = vi, w = iiiwi. The strict transform of F = has the local equation 

F 1 = v\ - \w\u\-^ = 
A 

at qi, so that q\ G U(R X ) and we have a reduction in c in the expression of F 1 = 
F^i(qi) of the form of (96). q^ has regular parameters u\,v\,w\ defined by u = 
u\Wi,v = v\, w = w\. The strict transform of F = has the local equation 

F 1 = iof- s - Xufvj = 

at (72- Thus qi € U(R l ) and we have a drop in c in F 1 = F-^ifa) in (96). 

By descending induction on the above invariants, always performing one of the 
above blow ups if v is not resolved, we can construct the desired morphism Y v — > Y 
such that v is resolved on Y v . 

Now by compactness of the Zariski-Riemann manifold [Zl], there exist finitely 
many 

Yi, . . . ,Y n E {Y v v is a O-dimensional valuation of k(Y)} 

such that if R 1 , . . . , R n are the respective transforms of R on Y\ , . . . , Y n and ^ is a 
O-dimensional valuation of k(Y"), then the center of v on some Yj is not in {/(R 1 ). 
By Lemma 3.11, there exists a sequence of blow ups of 2-curves $ : Y — > Y such 
that there exist morphisms : Y — > Y for all i which factor $. In particular, the 
transform of R on Y is resolved. □ 

Theorem 6.10. Suppose that f : X — > Y is prepared and that R is a 3-point relation 
for f. Then there exists a commutative diagram, 

X 1 ^ Y 1 
$ | | * 

X ^ Y 

such that $ and * are products of blow ups of 2-curves, f\ is prepared and the trans- 
form R 1 of R for fi is defined and is resolved. In particular, all 3-points of X\ in 
<J> -1 (T(i?)) must map to 2-points ofY\. Furthermore, Tf 1 (pi) = Tf(&(p\)) if p\ G X\ 
is a 3-point. If D x is cuspidal for f then D Xl is cuspidal for fi . 

Proof. Let {Ri} be the pre-relations on Y associated to R. By Theorem 6.9 there 
exists a sequence of blow ups of 2-curves VP : Yl — > Y such that the pre-relations {R i } 
which are the transforms of {Ri} on Y\ are resolved on Y\. By Lemma 5.2 there exists 
a sequence of blow ups of 2-curves <& : X\ — > X such that f\ = o / o cf> : X\ —>■ Y\ 
is a prepared morphism, and if Dx is cuspidal for /, then Dx 1 is cuspidal for f\. 
Furthermore, Tf 1 (pi) = r/($(pi)) if p\ G X\ is a 3-point. 

Suppose that pi G Xi is a 3-point. Then p = &(pi) is a 3-point. Suppose that 
w, v, w are permissible parameters at q = f(p) and x, y, z are permissible parameters 
for u,v,w at p. Then there exist permissible parameters x\,y\,zi for u,v,w at pi 
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such that 

x = x b 1 11 y bl2 z b 1 13 

y = x\ 21 y\ 22 z b l 23 (97) 

^ rJ>31 „,f>32 r £>33 

z — x i Hi z i 

with Det(bij) = ±1. We have (after possibly exchanging u,v,w) an expression of the 
form (23) at p. On substitution of (97) into (23) we see that we have an expression 

u = x\y\z\_ 

v = x\y\z{ (98) 

w = £ + iv 

at pi of the form of (23). 
We have a factorization 

where each ^ is the blow up of a 2-curve Ci. 
Let f i :X\^> Y- be the resulting maps. 

Let Ri be the primitive relations associated to R, and let (R )\ be the transform 
of the pre-relation Ri on Y-. By induction on j, we will show that the transform 
(R'Y of R for is defined. It suffices to verify this for (R') 1 . Suppose that (with the 
notation of Definition 6.7), p\ G <f ,_1 (T(_R i )) is a 3-point. Let p = $(pi), q — f(p), 
q = /i(pi). p = $(pi) S T(Ri), so that q G U(i2i) is a 3-point. Then r/(p) > 0, and 

to - yf 4 A (99) 

where A is a unit series in (98). 

Let F — (q) — be the expression of (94) which determines Ri{q). Then we 
have (with the notation of (92), (98), (99) and Definition 6.7) that 

a(a, b, c) + bid, e, /) + c(g, h, i) = (0, 0, 0) 

and A(0,0, 0) c = A = A p . After possibly interchanging u and v, permissible parame- 
ters at q are u\,vi,wi with 

u = u\, v = u\(vi + a), w = w\ (100) 
u = ui,v = v\,w = ui(wi +a) (101) 
u = u\W\,v = v\,w = w\. (102) 



for some a G k, or 



for some a G k or 



Substituting the expressions (100), (101) or (102) into the expression F = of (94) 
and computing the strict transform of F = at q, we see that if q is a 3-point, then 
75 = in (100), q is on the strict transform of F = 0, q G U((R and the transform 
(R 1 ) 1 of R for f l is defined. By induction on the number of 2-curves blown up by 
we see that the transform R 1 of R for /i is defined. Since ^/(i? 1 ) = 0, R 1 is resolved. 

□ 
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7. WELL PREPARED MORPHISMS 

Suppose that / : X — > Y is a birational, prepared morphism of nonsingular projec- 
tive 3-folds with toroidal structures Dy and Dx = ,f~ 1 (Dy). Further suppose that 
the fundamental locus of / is contained in Dy- If R is a 2-point relation for / with 
associated 2-point pre-relations {Ri}, then for p G T(Ri) we have that 

Si = S R (p),E 1 = E RA (p),E 2 = E Ra {p),w t = w R (p),u = u R (p), \ 
v = v R (p),e, = e R (p), a, = a R (p), b, = b R (p),\i = X R (p) 



R(p) 



<103) 

which we will abbreviate (as in (88)) as 

R(p) =w e i i - \ lU a 'v b >, (104) 

with ej > 1, if di,bi ^ — oo, or (as in (90) 

R(p) = Wi (105) 

if cii,bi — — oo. In this case, u,v,Wi have a monomial form at p. Recall that if 
p' G T(R) is such that f(p') = f(p), then u R (p') = u R (p) = u and v R (p') = v R (p) = v. 
Let I be an index set for the {Ri} associated to R. 

Definition 7.1. Suppose that t > 0. A prepared morphism f : X — > Y is t -quasi-well 
prepared with 2-point relation R if: 

1. p G X a 3-point implies r/(p) < r. 

2. T{R) is the set of 3-points p on X such that Tf(p) = t. 

3. Suppose that p G T(R). Then r > implies R(p) has a form (104), t = 
implies R(p) has a form (105). 

4. If q G U{Ri) n U(Rj), then there exists Xij(u,v) G k[[u, «]], with 

u = u^. (g) = u^. (gr), v = v^, (q) = u^, (q), 

such that 

Wj =Wi + Xij(u, v). 
where Wi — w-^ (q), Wj = w-^ {q). 

5. Suppose that q G U(Ri), where Ri is a 2-point relation associated to R. Then 
■j^Xq),v — v-^{q) 1 w i = w-fiXq) are super parameters at q (Definition 



u- 



5.5). 



Definition 7.2. / : X — > Y is T-quasi-well prepared with 2-point relation R and pre- 
algebraic structure if f is T-quasi-well prepared with 2-point relation R and w-^ (q) G 
£V,<7 for all Ri associated to R, and q G U(Ri). 

Definition 7.3. / : X — > Y is r-well prepared with 2-point relation R if 

1. / is T-quasi-well prepared with 2-point relation R and pre-algebraic structure. 

2. The primitive pre-relations {Ri} associated to R are algebraic, and R is al- 
gebraic (Definition 6.6). 

3. Suppose that q G U(Ri) n U(Rj). Let u>i = u>^ {q) and uij = (q), u = 
U ~R (^) = u ~ R A < l)i v = v R ( < l) ~ VrXq)- Then there exists a unit series <pij G 
k[[w, v}] and aij,bij G N (or 4>ij = with = hj = — oo) with 

Wj =Wi + u a *j v hil 4>ij . (106) 

4. For q G U(R), set I q = {i G I \ q G U(R,)}. Then the set 

{(aij,bij) | i,j G JJ (107) 
from equation (106) is totally ordered. 
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Definition 7.4. Suppose that f : X — > Y is r-quasi-well prepared with 2-point relation 
R. 

1. A 2-point q G U(R) is prepared for R. 

2. A 2-point q G Y such that q £ U(R) is prepared for R if there exist super 
parameters u,v,w at q (where w could be formal) 

3. A 2-curve C <ZY is prepared for R. 

If E is a component of Dy, Ri is pre-algebraic, and q G U{Ri), we will denote 
E ■ Sft. (q) for the Zariski closure in Y of the curve germ u = w = at q, where u = 
is a local equation of E, w = is an (algebraic) local equation of S^.(q) at q. 

Definition 7.5. Suppose that f : X — > Y is r-well prepared with 2-point relation R 
for f. A nonsingular curve C C Dy which makes SNCs with Dy is prepared for R 
of type 4 if 

1. C = E a ■ S-fiXqp) for some component E a of Dy, pre-relation Ri associated 
to R and qp G U(Ri). 

2. fl(Ri) contains C. 

3. If C = E 1 ■ S^Xqs) is such that C C Q.(Rj), C ^ C , and q G C CI C , then 
q E U(R~i) n U(Rj) and C = E~S^Jq). 

4. If j =/= i and C = E^ ■ S-^ (q§) then C satisfies 1 and 2 and 3 of this definition 

(for Rj). (In this case we have by (95) that U(Rj) fl(7 = U{R~i) dCJ. 

5. Let 

I c = {j G I I C = E y ■ S^, (q s ) for some R j ,E 1 ,q 5 G U(Rj)}. 

Suppose that q e C is a 1-point or a 2-point such that q £ U(R). Then there 
exist !i,u£ Oy g such that for j G Ic there exists Wj G Oy jQ such that 

(a) Wj — is a local equation offl(Rj) and u,v,Wj are permissible parame- 
ters at q such that u = w 3 ■ — are local equations of C at q. 

(b) If q is a 1-point and p G f^ 1 {q), then there exists a relation of one of 
the following forms for u, v, Wj at p. 

(i) p a 1-point 

u = x a 

v = y (108) 

Wj — x c "f(x, y) + x d z 

where 7 is a unit series (or zero), 

(ii) p a 2-point 

u = (x a y b ) k 

v =z (109) 
Wj = {x a y h ) l 1 {x a y h , z) + x c y d 

where 7 is a unit series (or zero) and ad — be ^= 0. 

(c) If q is a 2-point, then u,v,Wj are super parameters at q. 

(d) Ifi,j G Ic and q is a 1-point, there exist relations 

Wi — Wj — u Cij (j>ij(u,v) 

where <pij is a unit series (or 4>ij = and Cij = 00). 

(e) If i, j G Ic and q is a 2-point (with q $ U(R)) then there exist relations 

Wi — Wj — u Cij v dij 4>ij(u,v) 
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where (f>ij is a unit series (or <pij = and Cij = dij =00), and the set 
{(cij,dij)} is totally ordered. 

If / : X — ► Y is r-well prepared with 2-point relation R, and Ri is a pre-relation 
associated to R, we will feel free to replace with an open subset of Cl(Ri) 

containing U(Ri), and all curves C — E ■ S-^(q) such that E is a component of Dy, 
q G U(Ri) and C is prepared for R of type 4. This convention will allow some 
simplification of the statements of the theorems and proofs. 

Definition 7.6. / : X — > Y is r-very-well prepared with 2-point relation R if 

1. / is r-well prepared with 2-point relation R. 

2. If E is a component of D Y and q G U(Ri)C\E, then C = E ■ S^. (q) is prepared 
for R of type 4 (Definition 7.5). 

3. For all Ri associated to R, let 

Vi(Y) = 1 7 = E a ■ S^(q~/) | g 7 G U{Ri),E a is a component ofD Y y 
Then 

E ^ 

ieVi{Y) 

is a SNC divisor on O(-Rj) whose intersection graph is a tree. 

If / : X — ► Y is T-very-well prepared, we will feel free to replace Cl(Ri) with an 
open neighborhood of Fi in £l(Ri). This will allow some simplification of the proofs. 

Remark 7.7. Suppose that f : X —>Y is r-very well prepared. Then it follows from 
Definition 7.6 and (95) that Fi n U{R) = U(Ri) for all Ri associated to R. 

Definition 7.8. Suppose that f : X — > Y is t -quasi-well prepared (or r-well prepared 
or r-very-well prepared) with 2-point relation R. Let {Ri} be the pre-relations associ- 
ated to R. Suppose that G is a point or nonsingular curve in Y which is an admissible 
center for all of the Ri . Then G is called a permissible center for R if there exists a 
commutative diagram 



x 1 


4 


Yi 










(no) 


X 


Y 





where & is the blow up of G and $ is a sequence of blow ups 

X\ = X n X\ — ► X 

o/ nonsingular curves and 3-points -fi which are possible centers such that 

1. fi is prepared and the assumptions of Definition 6.8 hold so that the transform 
R 1 of R for fi is defined. 

2. fi : Xi — ► Yi is r -quasi-well prepared, (or r-well prepared or r-very-well 
prepared) with 2-point relation R 1 . 

(110) is called a r-quasi-well prepared (or r-well prepared or r-very-well prepared) 
diagram of R (and 
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Definition 7.9. Suppose that f : X — ► Y is T-well prepared (or T-very-well prepared) 
with 2-point relation R and C C Y is prepared for R of type 4- Then C is a *- 
permissible center for R if there exists a commutative diagram 

$1 |* (HI) 

X ^ Y 

such that 

1 . /i is prepared and the assumptions of Definition 6. 8 hold so that the transform 
R 1 of R for fx is defined. 

2. /i : X\ — * Y\ is T-well prepared (or T-very-well prepared). 

3. (Ill) has a factorization 

X\ = X m m Y rn = Y\ 



(112) 



I _ I 

$2 1 1*2 

_X 1 4 Y x _ 

*i 1 I *i 

X ±> Y 
where *i is the blow up of C , 

_X 1 f -± Y L 

X ^ Y 

is a T-well prepared diagram of R and *i of the form (110), each *,+i : 
Yi + i — ► Y i for i > 1 is the blow up of a 2-point q e Y \ which is prepared for 
the transform R 1 of R on Xi of type 2 of Definition 7.4, and 

Xi+i — + Y, l+ i 
1 _ 1 

X I ^ Y t 

is a T-well prepared diagram of R 1 and *i+i of the form of (110). 

Definition 7.10. Suppose that f : X — > Y is t- quasi-well prepared (or T-well prepared 
or T-very-well prepared) with 2-point relation R. Suppose that 

X 1 ^ Y 1 

$ 1 1 * (114) 

X Y 
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is a commutative diagram such that there is a factorization 



: x m 


h=fm 


Y - 

1 m 


I 




i 


I 




i 


x 2 






$2 4 






Xi 


Ti 


Y 1 


*1 1 






X 




y 



(115) 



w/iere eac/i commutative diagram 

Xi+i — > y^i+i 
i_*i+i 

is either of the form (110) or of the form (111). Then (114) is called a T-quasi-well 
prepared (or r-well prepared or t -very-well prepared ) diagram of R (and &). 

Lemma 7.11. Suppose that f : X — > Y is t -quasi-well prepared (or t -well prepared or 
T-very-well prepared) and C <ZY is a 2-curve. Then C is a permissible center for R, 
and there exists a r- quasi-well-prepared (or r-well prepared or T-very-well prepared) 
diagram (110) of R and the blow up \P : Y\ — > Y of C such that $ is a product of 
blow ups of 2- curves. Furthermore, 

1. If Dx is cuspidal for f thenDx x is cuspidal for f\. 

2. Further suppose that f is r-well prepared. Then 

(a) Let E be the exceptional divisor for Suppose that q e U(R i ) n E for 
some Ri associated to R. Let ji = S-^i(q) ■ E. Then 7, = ^~ 1 (^f(q)) is 

a prepared curve for R 1 of type 4- 

(b) If 7 is a prepared curve for R, then the strict transform of 7 on Y\ is a 
prepared curve for R 1 . 

3. is an isomorphism over f^ 1 (Y — £(Y)) 

Proof. By Lemma 5.2, there exists a commutative diagram 

X 1 ^ Y 1 

$ I 4 * 

X Y 

where $ is a product of blow ups of 2-curves and /1 is prepared, with the property 
that Tf 1 (pi) = r/($(pi)) if pi G X\ is a 3-point. We further have that Dx 1 is cuspidal 
for fx if Dx is cuspidal for /, and $ is an isomorphism over f~ x (Y — T,(Y)). 

Let {Ri} be the 2-point pre-relations on Y associated to R. C is an admissible 
center for the {Ri} (Definition 6.4). Let {R { } be the transforms of the {Ri} on Y\. 

We will show that the conditions of Definition 6.8 hold so that we can define the 
transform R 1 of R for f\. Suppose that q 1 g U(Ri), and pi g fi 1 (qi) n <i> _1 (r(i?i)) 
is a 3-point. Let q — ^(qi), p — 3>(f>i)- There exist permissible parameters u = 
u r(p), v — v r(p), w = w r{p) at q such that R(p) = Ri(q) is determined by 

w e - Xu a v b 
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if a = a R (p),b = b R {p) ^ -oo, and by 

w = 

if a = aji{p) = b = b R (p) = — oo. There exist permissible parameters x, y, z for u, v, w 
at p such that an expression (23) of Definition 3.9 holds for u,v,w and we have a 
relation 

w e = u a v b A(x,y, z) 

where A(x,y,z) is a unit series with A(0, 0, 0) = A if a, b ^ — oo and u,v,w have a 
monomial form in x, y, z if a = b = — oo. After possibly interchanging u and v, we 
may assume (since qi is a 2-point) that q\ has permissible parameters u, v, w such 
that 

u = u,v = uv. 

Since p\ is a 3-point, Ox x ,p x has regular parameters x\,y\,z\ such that 

121 Q-22 Q-23 

V =x 1 21 y 1 22 z 1 23 
z = x a 1 31 y^ 32 z* 33 

with Det(ajj) = ±1. Thus u,v,w has an expression of the form of (23) in xi,y\,z\. 
If a, b 7^ — oo we have the relation 

w e = H a+fc TJ b A, 

and i?i(gi) is determined by 

w e = f+VA. (116) 

If a = b = — oo, u, U, w have a monomial expression in x\,y\,z\. The transform i? 1 of 
R for /i is thus defined. 

Now we will verify that fi is r-quasi-well prepared. From the above calculations, 
we see that /i satisfies 1, 2, 3 and 4 of Definition 7.1. It remains to verify that 5 of 
Definition 7.1 holds. 

Suppose that qi e U{R i ) and pi e /i _1 (<?i)- Then 

u = u^. (g), u = u^. (g), io = u^. (g) 

are super parameters at q = \I/(gi), and p = <fr(pi) G / (g) has permissible parame- 
ters x, y, z for m, u, w such that one of the forms of Definition 5.5 hold for u, v, w and 
x,y,z. 

After possibly interchanging u and v, we have 

Utfili) =u = u 

v^(qi) =V = l (117) 
w^{qi) =w. 

We can verify that there exist permissible parameters X\,y\,z\ at p\ such that u,v, w 
have one of the forms of Definition 5.5 in x\,y\,z\. The most difficult case to verify is 
whenp! is a 1-point andp is a 3-point. Then Ox ltP1 has regular parameters x\ , y 1 , ~z\ 
defined by 

x =xf(y 1 + a)yz 1+ W_ 
y =xp 1 +aY_(z 1 +f3)f_ 
w =x{{y 1 +a) h (z 1 +py 
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where a, f3 € k are nonzero and 

(a b c \ 
d e / = ±1. 
g h i J 

We substitute into 

u = x a y b z° 
v = x d y e z i 
w = x 9 y h z l "f + x i y k z l 
of 4 of Definition 5.5. Using the fact that 

(a b c \ 
d e / =3. 
j k I j 

we can make a change of variables in xi , y 1 , "zi to get permissible parameters £i , yi , z\ 
at pi satisfying 

u = x\ 

v =*?(7 + yi) (118) 

x j y k z l = x\ (e + zi) 

with d > a and ^ e, 7 G k. 

For each of the monomials M in the series x 9 y h z l j we have a relation 

M £ = uV (119) 

with e, a, b G Z. On substitution of (117) and (118) into (119) we see that 

M = x(4> 1 (y 1 ) 

where (pi is a unit series. Thus u, v, w have an expansion of the form 1 of Definition 
5.5 in terms of x\ , yi , z\ . 

The other cases can be verified by a similar but simpler argument to show that 
u,TJ, w are super parameters at q\. Thus 5 of Definition 7.1 holds for /1, so that /1 is 
r-quasi-well prepared. 

Suppose that / is r-well prepared. We will verify that /1 is r-well prepared. 1 and 
2 of Definition 7.3 are immediate. We must verify that 3 and 4 of Definition 7.3 hold 
for/i. 

Suppose that q x G U{r\) fl U{r)). Let q = $(91) G U(Ri) D U{R 3 ), and 

u = u nM) = 

Wi = w^,(q), Wj =v>R.{q). 

We have a relation 

wj =Wi+ u aii v hii (j>ij{u,v), (120) 
from (106) for /. After possibly interchanging u and v we have permissible parameters 

u = u-^i(qi) = u^i(gi) 
v = v^i( qi ) = ^i(gi) 
Wi = v> n i(q 1 ),Wj = w-^i(gi) 

at qi , where u = u , v = uv. We have 

Wj =Wi+ u ai i +6 « v bl > faj (u,uv) (121) 
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so 3 of Definition 7.3 holds for f\. 

Since the set (107) of Definition 7.3 is totally ordered for q G U(R), it follows from 
(121) that the corresponding set (107) for q\ G U{R 1 ) is totally ordered. Thus 4 of 
Definition 7.3 holds for fi and R 1 and /i is r-well prepared. 

We now verify 2 of Lemma 7.11. Suppose that / is r-well prepared and (110) is a 
r-well prepared diagram of R and Let E — \I> _1 (C) be the exceptional divisor of 
^. Suppose that q\ G U{R i ) n E. Let q = ^(qi). There exist permissible parameters 

at q such that u = v = are local equations of C, and after possibly interchanging u 
and v, 

v _ 

u = v^i(qi) =u,v = v^(qi) = -,Wi = w^i(gi) = Wi 

are permissible parameters at q\. Since I is a local equation of E at qi, 7i = 
S=7^J~B = *-i( g ). Let 7- 7j . 

We will verify that 7j is prepared for R 1 of type 4. Since g G Q(Ri), C intersects 
0(i?j) transvcrsally at g (and possibly a finite number of other points), and Q(Ri) is 
the strict transform of f2(i?i) by \t, we have that ji C ^(i?i). Thus 2 of Definition 
7.5 holds. Suppose that for some j, component E a of Dy 1 and qp G U(Rj), 

7^7' and there exists 96707'. Let i?! = \I>(i? Q ), a component of Dy. Then 7 = 
^(7') is a curve on Dy through q. Since 7' C il(Rj), we must have 7 C Q(Rj) H £1, 
so that q E U (R) — U(Rj) fl 7, and thus 7 = £1 • (q). We thus have that £ Q 

is the strict transform of £1, (? = £« • 7 G [/(-R*) fl J/fiih and j' = E a ■ <SW(g). Thus 

3 of Definition 7.5 holds. 

Suppose that 7' = £ a • S 1 — 1 (9,5) and 7 = 7'. Then we must have j' = E ■ SW (gi) 

and 4 of Definition 7.5 holds. 

Since for q G U(Rj), U(Rj) contains both 2-points above q in Y\, we need only 
verify 5 of Definition 7.5 at 1-points 967. Let 

7 7 = {i| 7 = £. %i (<&)}. 

At g there exist regular parameters u, -5, (for all j G 7 7 ) such that 

u = u, w = u(v + a), Wj = wj (122) 

where u = u-^.(q) = u^(q), v = v^.{q) = v R z ( q )i w j = w H ] i ( l) an d 7^ a G k. 
Thus 5 (a) of Definition 7.5 holds for u,v,Wj at q. 

As in our verification that /1 is r-quasi-well prepared, we see that if p G fi (q), 
then there exist permissible parameters x,y, z for u,v,Wj at p such that one of the 
forms of Definition 5.5 hold for u, v, Wj and x, y, z. Substituting in (122), we see that 
(since a ^ 0) u, v, wj must satisfy a form 1 or 3 of Definition 5.5 at p, and u, v, Wj must 
satisfy one of the forms (i) or (ii) of 5 (b) of Definition 7.5. Thus 5 (b) of Definition 
7.5 holds at p. Substituting (122) into (120), we see that 5 (d) of Definition 7.5 holds 
at q. Thus 7 = -fi is prepared for R 1 of type 4. 

We now verify that if 7 is a prepared curve for R on Y then the strict transform 
7' of 7 on Y\ is a prepared curve for R 1 . We may assume that 7 is prepared of type 

4 and 7 n C ^ 0. The verification that 7' is prepared for /1 now follows from a local 
calculation at points q G C fl 7. 
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Suppose that / is r- very-well prepared. We have seen that f\ is r-well prepared, 
so that 1 of Definition 7.6 holds for fi, and 2 of Definition 7.6 holds for f\ by our 
verification of 2 of this lemma. Let : fl(Ri) —> £l(Ri) be the restriction of W to 
0(7?^). Then \I>j is the blow up of the union of nonsingular points C ■ fl(Ri) on the 
nonsingular surface fi(-Rj). Thus since 

F * = E 7 

7£Vi(Y) 

is a SNC divisor on fl(Ri) whose intersection graph is a tree, 

*~Vo = E 1 

is a SNC divisor on O(ii^) whose intersection graph is a tree and 3 of Definition 7.6 
holds for /i. Thus /i is r- very- well prepared. □ 

Remark 7.12. XTie proof of Lemma 7.11 shows that if f : X — > Y is r-quasi-well 
prepared (or t -well prepared or t -very-well prepared) , C C Y is a 2-curve, ^ : Y\ — ► Y 
is the blow up ofC and $ : X\ — > X is a sequence of blow ups of 2-curves and 3-points 
such that the rational map fx : X\ — > Yi is a morphism, then 

X 1 ^ Yi 
$ I | * 

x r 

is t -quasi-well prepared (or r-well prepared or r -very-well prepared) for R and <J/ . J/ 
is cuspidal for f , then Dx 1 is cuspidal for f\. In fact, with the above notation, 
if f satisfies 1 - 4 of Definition 7.1, then f\ satisfies 1-4 of Definition 7.1. 

Lemma 7.13. Suppose that f : X — > Y is r-quasi-well prepared (or r-well prepared 
or r -very-well prepared) and q G U(R) is a 2-point (prepared of type 1 in Definition 
7.4). Then q is a permissible center for R, and there exists a r-quasi-well prepared 
(or r-well prepared or r-very-well prepared) diagram (110) of R and the blow up 
* :Yi ->Y of q such that: 

1. Suppose that Dx is cuspidal for f. Then Dx 1 is cuspidal for f\. 

2. Suppose that f is r-well prepared. Then 

(a) Let E be the exceptional divisor of^. Suppose that q\ G U(R i ) C\E. Let 
~fi = S-^i (qi) ■ E. Then ji is a prepared curve for R 1 of type 4- Suppose 

that q 1 G U(r)) n E. Let 7,- = S-^i(q') ■ E. Then either 

(i) li = 7j or 

iii) "fi, 7j intersect transversally at a 2 point on E (their tangent spaces 
have distinct directions at this point and are otherwise disjoint). 

(b) If j is a prepared curve on Y then the strict transform of '7 is a prepared 
curve on Y\ . 

3. $ is an isomorphism over f^ x {Y — T,(Y)). 

Proof. There exists a pre-relation Ri associated to R such that q G U{Ri) C U(R). 
Fix such an i. Let 

u,v,Wi are super parameters at q, and Wi = is a local equation of S^.(q). Let 
m q C Oy. q be the maximal ideal. 
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By Lemma 3.11, there exists a morphism $0 : Xo — ► X which is a sequence of blow 
ups of 2-curves such that (u, v)Ox, P is invertiblc for all p g (/ o ^q) -1 ^), $0 is an 
isomorphism over / ~ 1 (Y — T,(Y)), f o$ is prepared and u, u, to, are super parameters 
for / o $ - 

We will next show that there exists a sequence of blow ups of 2-curves and 3-points 
$1 : X\ — ► X such that (u, v)Ox llP is invertible at all p G (/ o $ o cf^) -1 ^) and if 
mqOx^p is not invertible, then we have permissible parameters x, y, z for u, v 7 w at p 
of one of the following forms: 

p is a 1-point 

u = x a ,v = x b (a + y),Wi = x d z (123) 

with a^O and <i < min{a, b} or, 

p is a 2-point of the type of (9) of Definition 3.1 

u = x a y b ,v = x c y d ,Wi=x 9 y h (z + ^) (124) 

with 7 G k, ad — be ^ 0, and (g, h) < min{(a, 6), (c, d)}. 

In fact, we will construct <E>i : X\ — > X such that only (123) or (124) occur at 
points pi above q such that m g Oxi,pi is not invertiblc. 

Suppose that p G (/ o <f> ) _1 ((7) is a 3-point, so that p has a form 4 of Definition 
5.5 at p. There exist x, y, J G Ox , P and series Ai, A 2 , A3 G Ox a , P such that x = x\\, 
y = yA 2 , z = zA 3 . Let I p c Oxo ,p be the ideal 

P = (u,v,x 9 y h z\xiy k z l ). 

By Lemma 3.13, there exists a sequence of blow ups of 2-curves and 3-points $1 : 
X\ — > X such that $0 o $! is an isomorphism above f^ 1 (Y — S(F)) and I p Ox 1 , Pl is 
invertible for all 3-points p G (/°$o) _1 (9) andpi G ( f> 1 _1 (]3). Thus if p£ (/°$o) _1 (9) 
is a 3-point and pi G (/ ° $0 ^l)" 1 ^), then m q Ox x , Px is invertible or pi has a form 
(123) or (124). /o$ o$! is prepared, and u, v, Wi are super parameters for /o$ o$ 1 . 
We construct an infinite sequence of morphisms 

..._>*„!*. ..SjjfcS*^ (125) 

as follows. Order the 2-curvcs C of Xi such that q G (/ o $ $i)(C) G Let 
$2 : X2 — > X\ be the blow up of the 2-curve G\ on X\ of smallest order. Order 
the 2-curves C of X 2 such that q G (/ o $ o $j o $ 2 )(C") C £(Y) so that the 2- 
curves contained in the exceptional divisor of $ 2 have order larger than the order 
of the (strict transform of the) 2-curves C of X such that q G f(C) C S(F). Let 
<J>3 : > Y 2 be the blow ups of the 2-curve C2 on Y3 of smallest order. Let 

= $2 • • • 3>n : -X"n — * -Xi- The morphisms / o $ $1 are prepared, and 
it, w, Wi are super parameters for / o $ $1 

Suppose that f is a 0-dimensional valuation of k(X). Let p n be the center of v on 
X n . Say that v is resolved on X n if (at least) one of the following holds: 

1. m q Ox n , Pn is invertible. 

2. p n is a 1-point of the form (123). 

3. p n is a 2-point of the form (124). 

If v is resolved on X n , with center p n , then there exists an open neighborhood U 
of Pn in X n such that a 0-dimensional valuation V of k(X) is resolved on X n if the 
center of v is in U, since 1, 2 or 3 is an open condition on X n . Further, if n' > n, 
then X n > is also resolved at all 0-dimensional valuations V which are resolved on X n . 

If the center of v on X n is a 3-point, then the center of v on X\ is also a 3-point, 
so m q Ox n , Pn is invertible. 
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Suppose that the center of v on X n is a 1-point. Then u, v, Wi have a form 1 of 
Definition 5.5 at p„, and thus have a form (123) at p„ if m q Ox n , Pn is not invertible. 

Suppose that the center p of v on X\ is a 2-point such that u, v, Wi have a form 2 
of Definition 5.5 at p. There exist xje ®Xi,p and series A l7 A 2 G &Xi,p such that 
x = x\i, y = yA 2 . Let I p C Oxi.p be the ideal (u,v,x e yf ,x 9 y h ). There exists an n 
such that I p Ox n , Pl is invertible for all p\ G $„ (p). Let pi be the center of v on X„. 
u, v, Wi are super parameters for / o <J> $i $n at g. Then pi is either a 1-point 
(so that v is resolved on X n ) or a 2-point of the form 2 of Definition 5.5. If pi is a 
2-point and m q Ox n , Pl is not invertible, then u,v,Wi have a form (124) (with 7 = 0). 
Thus v is resolved on X n . 

Suppose that the center p of v on Xi is a 2-point such that u,v,Wi have a form 
3 of Definition 5.5 at p. Then there exist x,y G Cjf.p and series Ai, A 2 G such 
that a; = x\i, y = y\ 2 - Let I p c Ox, P be the ideal 

P = («,w,(asV) , ) 5V). 

There exists an n such that I v Ox n , Pl is invertible for all pi G $„ X (p). Let pi be the 
center of v on X„. Then m q Ox n , Pl is invertible or p\ is a 1-point of the form (123). 
Thus v is resolved on X n . 

By compactness of the Zariski-Riemann manifold [Zl], there exists an n such that 
every valuation v of k(X) is resolved on X n . Let X! = X„ and fi = /o$ o$ 1 o$„: 
Xi — > Y. If niqOx^p! is not invertible at some pi G fi (q), then one of the forms 
(123) or (124) must hold at pi. 

The locus of points p on Xi where rriqOxx.p is not invertible is a (possibly not 
irreducible) curve E which makes SNCs with the toroidal structure of AT. E is sup- 
ported at points of the form (123) (with d < min(a, b)) and (124) (with 7 = and 
(g, h) < min{(a, b), (c, d)}). x = z = is a local equation of E in (123). x = z = 0, 
y = z = 0orxy = z = are the possible local equations of E in (124). 

For an irreducible component C of E, define an invariant 

A(C) = mimja, 6} - d > 

computed at a 1-point p G C (which has an expression (123)). Let C be a component 
of E such that A(C) = ma,x-^ cE A(C). C is nonsingular and makes SNCs with Dx x - 
Let $2 : X 2 — » be the blow up of C. 

Suppose that p G C, so that u, u, have the form (123) or (124) at p. We may 
assume that x = z = are local equations of C at p. Suppose that pi G $ 2 " 1 (p). pi 
has (formal) regular parameters X\,yi, z\ defined by 

x = x 1 ,y = y 1 ,z = x 1 (z 1 +p) (126) 

with p G k or 

ir = x\Zi, z = z\. (127) 

Suppose that p G C is a 1-point, so that (123) holds for u, v, Wi at p. Under 
(126) we have m q Ox 2 ,p 1 and thus mqOx 2 ,p 1 is invertible except possibly if (3 = 0. If 
m q Ox 2 ,pi i s n °t invertible we have 

u = a;",v = .xj(a + j/),iOj = x^ +1 zi 

with 

d + 1 < min{a, b}. 
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Then the curve C\ with local equations x\ — z\ is a component of the locus where 
rriqOxi is not invertible. We have 

A(d) = min{a, b} - (d + 1) < A(C). 

Under (127) we have a 2-point 

u = (x lZl ) a ,v = (x lZl ) b {a + y),Wi = x(zf +1 

and a local equation of the toric structure Dx 2 is XiZi — 0. Since 

d + 1 < min{a, b}, 

mqOxi^t is invertible. 

Suppose that p G C is a 2-point, so that (124) holds at p (with 7 = 0). We may 
assume that x = z = is a local equation of C at p. Then g < min{a, c}. Let 
pi G $2 1 (p)- Pi nas regular parameters x\,y\,z\ defined by (126) or (127). 

Under the substitution (126) u,v,Wi have a form (124) at p\. If m q Ox 2 ,pi 1S not 
invertible, we have j3 = and 

u = x1y\, v = x^yf, w t = x 9 + x y\z Y 

which is back in the form (124) with 7 = 0. 
Under the substitution (127), 

u = x\y\zl, v = x\y{z\, w t = x{y h lZ { +1 (128) 

so that p\ is a 3-point, and since 

(.9 + 1, h) < min{(a, 6), (c, d)}, 

iTiqOx^.p! is invertible. 

Observe that u, v, Wi are super parameters for fi o $ 2 - 

By descending induction on maxp c£ { A(C)}, we construct a sequence of blow ups 
$4 : X4 — > X2 such that for f 4 — fi o $ 2 : X4 — > F, u, w, are super parameters 
at q for / 4 , and m q Ox 4 is invertible. Thus / 4 : X4 —> Y factors through the blow up 
* : Y\ — > Y of g. Let /4 : X4 ^ Yi, $ : X4 ^ X be the resulting maps. 

Let qi G x & _1 ((7). We obtain permissible parameters u,v,w at (71 of one of the 
following forms: 

1. qi a 1-point 

u = u,v = u(v + a),Wi = u(w + (3) 

with a, /3 G k, a 7^ 0. In this case there are no 3-points in ,f4 1 {qi) and u,v 
are toroidal forms at all points p G / 4 _1 (gi). 

2. qi a 2-point 

u = u,v — uv, Wi = uiwi + a) (129) 



with a G k, or 

with a G k, or 
3. qi a 3-point 



iro, t> = v, Wi — v(wi + a) (130) 



u = uwi, v = vwi, Wi — Wi. (131) 

If qi has the form (129) or (130) and p G / 4 T 1 (9i) then u, v are toroidal forms at p. 

Suppose that qi has the form (131). Let p G / 4 _1 ((7i). u,v,Wi have one of the 
forms 1 - 4 of Definition 5.5 at p. Since Wi must divide u and w, we certainly have 
that u, v, Wi are monomials in the local equations of the toroidal structure at p, times 
unit series. 
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Suppose that u,v,Wi have a form 1 of Definition 5.5 at p. We have an expression 

u — x a 

v =x b (a + y) 

Wi = x c (j(x,y) + x d z) 

where ^ a G k, c < a, c < b, 7 is a unit series and d > 0. Set x = x(j + x d z)i. We 
have expansions 

Wi — x c 

u =x a (j + x d z)~c 

v =x b (j + x d z)~c(a + y) 

at p. 

If d > and f|(0, 0) = 0, then there exist y, ~z G Ox 4 , P such that x, y, z are regular 
parameters in C*x 4 , P and 

Wi — x c 
v =x b (a + y) 
u = x a j(x,y,z) 
where ^ a G k and 7 is a unit series. Then 

Wi = x c 

v =x b ~ c (a + y) 
u = x a ~ c j(x,y,z) 
and Wi, v are toroidal forms at p. 

If d = or l|i(0,0) 7^ 0, then there exist y,~z G Ox 4 , P such that x,y,~z are regular 

parameters in Ox 4 , P and 

Wi = x c 
u =x a (a + y) 
v = x b ^{x,y,z) 
where 7^ a G k and 7 is a unit series. Then 



Wi 


= x c 




u 


= x a - 


- c (a + y) 


V 


= x b ' 


- 7 



and Wi, u are toroidal forms at p. 

Suppose that u,v,Wi have a form 3 of Definition 5.5 at p. There are two cases. 
Either 

u = {x a y b ) k 

v =(x a y b )\a + z) (132) 
Wi = x c y d 

with O/aek and ad — bc^ 0, or 

u = (x a y b ) k 

v = {x a y b ) t (a + z) (133) 

Wi = (x a y b ) l j 

with 7^ a G k, I < min{/c, t} and 7 is a unit series. 

If (132) holds then u, Wi are toroidal forms at p of the form of (9) of Definition 3.1. 
Assume that (133) holds. We then have 

u = {x a y b ) k - 1 ^- 1 

v =(x a y b ) t - l ^- 1 (a + z) 

w l = (x a y b ) 1 ^. 
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If gj(0, 0, 0) 0, then there exist regular parameters x, y, z at p such that 

u = {x a y b ) k - 1 

v = (x a y b y- l j(x,y,z) 

where ^ [3 € k and 7 is a unit series. Thus u, Wi are toroidal forms at p 
If (0, 0, 0) = then there exist regular parameters x, y, z at p such that 

u = (x a y b ) k ~ l 

v = (x a y b y- l (p + z) 

W l = {x a y b Y'j(x 1 y,z) 

where 0^/9sk and 7 is a unit series. Thus u, v are toroidal forms at p. 

If it, u, have a form 2 or 4 of Definition 5.5 at p, then a simpler analysis shows that 
two of u, v, Wi are toroidal forms at p, and u, v, Wi are monomials in local equations 
of the toroidal structure at p times unit series. 

We conclude that the morphism fi is prepared. 

We will now verify that f± is r-quasi-well prepared. 

For j such that q 6 U(Rj), let Wj = w^ (q). We will analyze our construction of 
— > X to show that u, v, Wj are super parameters for / 4 . 

Since / is T-quasi-well prepared, for j such that q 6 U(Rj), there exists a series 
Xij(u, v) such that = + Xij(u,v). 

The morphism $0 $1 : X\ — > X which we constructed is a product of blow ups 
of 2-curves and 3-points. Since u,v,Wj are super parameters for /, u,v,wj are thus 
also super parameters for / o <j> o $1. 

— > X\ is a sequence of blow ups of curves C such that A(C) > 0. Suppose that 
C is such a curve, and p £ C. It suffices to analyze the blow up $2 : X 2 — > of C in 
our construction. We saw that u,v,Wi have a form (123) at p with < min{a,6} or 
a form (124) with 7 = 0, (g, h) < min{(a, b), (c, d)} and 5 < min{a, c}. In either case 
x = z = are local equations of C. We will show that for all j such that q E U (Rj), 
u, v, Wj are super parameters for / of o$ 1 o$ 2 . 

First assume that p G C is a 1-point. Then, we have 

u = x a ,v = x b (a + y),Wi = x d z 
with O^agk and d < min{a, b}. Thus, since 

wj = Wi + Xij(u,v), 

Wj — x d ~z where ~z = z + xfl(x, y) for some series fi. It follows that x = ~z = are 
local equations of C at p, and it, v, Wj are super parameters for / o $ x o <3> 2 - 
Now assume that p <G C is a 2-point. Then we have 

it = a; a y h , w = x c y d , = x 9 y h z 

where after possibly interchanging u and v, we have (g, h) < (a,b) < (c, d) (recall 
that (u, v)Ox 1 , P is invcrtible). Since Wj — Wi e k[[u,w]], we have an expression 

Wj = x g y h z (134) 

at p where x = z = are local equations of C at p. it follows that u, v, Wj are super 
parameters for / o $ o $j o $ 2 - 

By induction, u, v, Wj are super parameters for f 4 = /o$ o$ 1 o$ 2 o $4. 

q is an admissible center for all 2-point relations Rj associated to R (Definition 6.4). 
For all j, let i?j be the transform of Rj onYi. Suppose that pi 6 .^4 1 (g)n<E> 1 (T(Rj)) 
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is a 3-point. p = &(pi) G T(Rj) is a 3-point with permissible parameters x,y, z such 
that 

u = x a y b z c 

v = x d y e zJ (135) 
wj = M 7 

where rank(u, v) — 2, ~f(x,y,z) is a unit series, Mq is a monomial in x,y,z and 
wj = w-fi (q). Let w'j 3 = XjU a 'v h i define Rj(q) if r > 0, w 3 ■ — define J?j(g) if t = 0. 
If r > 0, then 

Ml 3 = u a > v b i and j e > (0, 0, 0) = X, , (136) 

and rank(u, v, M ) = 3 if r = 0. By its construction, $ is a sequence of blow ups of 
2-curves and 3-points above p. 

Thus since p\ is a 3-point, we have permissible parameters X\,yi, z\ at p\ such that 

x =xl 11 y^ 12 z^ 13 
y =x1 21 y1 22 z1 23 

~ ^,131 „, a 32 _a33 

Z — X l £/l Z l 

and Dct(ajj) = ±1. On substitution into (135) we see that an expression 

u = x\y\z\ 

v = x\y\z\ ( 137 ) 
wj = M 7 

where ra,nk( Xi yi Zl - ) (u 7 v) = 2, holds at pi for u,v,Wj, and the relation (136) holds at 
Pi if t > 0, and rankt XliyiiZl \(u, v, M ) = 3 if r = 0. 

Suppose that gi G U(Rj) f~l 1 (g). After possibly interchanging u and w, gi has 
permissible parameters u, v, Wj with 

u = u, v = uv, Wj = uWj. (138) 

The pre-relation Rj(q\) is then defined if r > by 

vf.i = Xjlfi+^-^lfii , (139) 

and R^iqi) is defined by Wj = if r = 0. We have seen that if pi G /^((Z) H 

$ (T(Rj)) is a 3-point, then there are permissible parameters xi,yi,zi at pi such 
that an expansion of the form (137) holds for u,v,Wj, and (136) holds if r > 0. If 
t = 0, then u, v, Wj is a monomial form at p. If we also have that p\ G / 4 r 1 (9i) then 
we have the expression 

u = x\y\z\ 

v = xj-^yf-^zj-' 

Wj =^ 7 

J u 1 



at pi, and (if r > 0) (136) becomes 



M " e i = 71 a 3 +b i H b 3 



Thus the transform R 1 of R for fa (Definition 6.8) is defined. We further have 
7-/ 4 (pi) = T/(¥(pi)) = r. 
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Ifp€ Jl X (q)r\W X {T{Rj)) is a 3-point and p ^(U^r))) then f 4 (p) = qi where 
(after possibly interchanging u and v) q\ has permissible parameters 

u = u 

v = u(v + a) (140) 
Wj — u(Wj + (3) 

a, (3 € k and and at least one of a, (3 is zero, or 

U — UWj 

v = vTBj (141) 

Wj = Wj. 

Suppose that (140) holds at q\. Since rank(u, v) — 2 in (137), we must have a = 
and (3. But then Mq = u, a contradiction to the assumption that ej > 1 (and 
gcd(<Xj, bj, ej) = 1) in (136) if r > 0, or to the assumption that rank(u,w,M ) = 3 if 

T = 0. 

Suppose that (141) holds at q\. Then qi = f 4 (p) is a 3-point. From equations 
(141) and (137) we have (in the notation of Definition 3.9) that Tf 4 (p) = — oo if r = 
and if t > then 

h u,p = H j ilP = H fM P y 

since q = / 4 (p) = /($(p)) is a 2-point. Thus, since ej > 1 in (136), we have 
VM = 1 H U,p/ A U,p \<\ H sMp)I A SMp) 1= T - 

Finally, suppose that p G f 4 (q) — Uj$ 1 (T(Rj)) is a 3-point. Suppose that 
p = $2° ^i{p) is a 2-point. Then u, v, Wi have a form (124) at p, and (with 7 = 0) 
u,v,Wi have a form (128) at p, with (g + l,h) < min{(a, b), (c, d)}. We see (since 
(u,v)Ox 4 , P is invertible) that Wi \ u, Wi \ v at p, and thus /4(f) is a 3-point with 
permissible parameters u, v, Wi defined by 

u = wWi, v = UWi, Wi = Wi. 

Thus, u 7 v,Wi have a toroidal form at p, so that r/ 4 (p) = —00 < r. 

Suppose that p = $2 ^i(p) is a 3-point. Then $2 o $4 is the identity near p, 
and thus $(p) is a 3-point and $ factors as a sequence of blow ups of 2-curves and 
3-points near p. Thus T/ 4 (p) < r^($(p)) < r. Thus 1, 2 and 3 of Definition 7.1 hold 
for f 4 . 

Now we verify 4 of Definition 7.1. Suppose that q 1 E [/(i? 1 ). Let q = E U{R). 

Since / is r-quasi-well prepared, there exists w q E Oy, q satisfying 4 of Definition 7.1 

for /. If qi E U{R i ) (~l U(Rj) then (after possibly interchanging u and v) we have 

u =u 
V =uv 

Wi = UWi 
Wj — UWj 

where 

U = U^, (q) = Ul} , (q),V = V^. (q) = Vj^ (q),w l = w^. (q),Wj = W^. (<?) 

and 

u = Ujji(qi) = v^i(qi),v = Vjji(qi) = Uj,i(q 1 ),w l = w^i(qi),Wj = w^i(qi). 

Since / is T-quasi-well prepared, there exists a series Ay (u, v) such that 

Wj — Wi + Xij (u, v) . 
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Since Ay (0,0) = 0, u \ \ io {u,uv), and 

Wj =Wi-\ ^= -. 

u 

Thus 4 of Definition 7.1 holds for / 4 . 

Earlier in the proof we verified that if q € U(Rj), for some Rj associated to R, 
then 

u = u^, (q),v = v^, {q), Wj = w^, (q) 

are super parameters for / 4 . Ifqi G J7(i? J )n x l ,_1 (g), then (after possibly interchanging 
u and v) we have permissible parameters 

u = u^i(qi),v = v^i(qi),Wj = w^i(qi) 

such that 

u = u, v = uv, Wj = uwj . 
Substituting into the forms of Definition 5.5, we see that u,v,Wj are super parameters 
for / 4 at q\. Thus 5 of Definition 7.1 holds for / 4 and / 4 is r-quasi-well prepared. 

We now verify that Dx 4 is cuspidal for / 4 if Dx is cuspidal for / (this is 1 of the 
conclusions of the lemma) . Since the property of being cuspidal is stable under blow 
ups of 2-curves and 3-points, it suffices to show that if C is a component of E on Dx 1 , 
such that A(C) > 0, C contains no 2-points, and p G C then there exists a Zariski 
open neighborhood U of p in X\ such that / 4 is toroidal on (<& 2 < &4) _1 (C/). 

There exist permissible parameters x, y, z at p such that (after possibly interchang- 
ing u and v) we have expressions 

u = m-^. (q) — x a 

v =Vxl(q)=x b (a + y) (142) 
Wi = w^. (q) = x d z 

with ^ a, d < a < b and x = z = are local equations of C at p. 

We consider the effect of the blow up of C, $2 : X 2 — > X±. If p\ G ^^(p) then p\ 
has regular parameters X\,y\,z\ of one of the forms 

x = xi,y = yi,z = xi{z\+i) (143) 

with 7 G k, or 

x = xiZ!,y = yi,z = z\. (144) 
Under (144) we have a local factorization of the rational map X\ —*Yi, at p, by 

u x a ~ ^ Z a ~ ^ 

Wi 11 

Wi =xfzt +1 

% =x b 1 - d z b 1 - d -\a + y 1 ) 

which is toroidal (of the form 2 of Definition 3.7). 
Under (143) we obtain a form 

u = x",v = x\{a + y), w { = x d+1 (z t + 7) 

which gives a toroidal factorization of X 1 — ► Yj_, at p (of the form 3 or 5 following 
Definition 3.7), except if 7 = and X\ = Z\ = are local equations of a curve C\ with 

< A(C\) < A(C), and such that C\ contains no 2-points (or 3-points). By successive 
blowing up of curves in the construction of <f> 4 : X4 — ► X2 , we see that X4 — ► Y\ is a 
toroidal morphism on ($2 o $ 4 ) _1 ([7) for some Zariski open neighborhood U of p. 

Now suppose that / is T-well prepared. We will verify that / 4 is r-well prepared. 

1 and 2 of Definition 7.3 are immediate. 
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We will verify that 3 of Definition 7.3 holds for / 4 . Suppose that q\ e U (R^nU (Rj) 
and 

u = u^i (gi) = u^i (qi),v = v^i (qi) = v^i ( qi ), 
w t = w^i {qi),Wj = w^i ( qi ). 

Let q = 

u = M 7?> («?) = u r 3 (q),v = vji, (q) = v^. (g), 
Wi = w^,(q),Wj = w^,(q). 
Since / is T-well prepared, there exist unit series 4>ij(u,v) such that 

Wj = Wi + u aii v bii <j>ij 

(or (f>ij = and = bij = oo). After possibly interchanging u and we may assume 
that 

u = u, v = uv, Wi = uuJi , Wj = uuJj . 

Let 

~4>ij{%v) = (f>ij(u,Uv). 

Then we have 

Wj =Wi + u ai] v bl ^ i] (145) 

where 

aij = ciij + bij - l,bij = hj. (146) 

Thus 3 of Definition 7.3 holds for / 4 . 

Since the set (107) associated to q and R is totally ordered, the set (107) associated 
to qi and R 1 is also totally ordered. Thus 4 of Definition 7.3 holds for / 4 , and we see 
that / 4 is r-well prepared. 

We now verify 2 of Lemma 7.13. Suppose that q\ € U(Ri) (~l E for some R t 
associated to R 1 . Continuing with the notation we used in the verification that / 4 
is r-well prepared, let 7» = SW(gi) ■ E. -ji is covered by two affine charts, with 
uniformizing parameters u, v, w defined by 

u = u,v = uv, Wi = uWi (147) 

and 

u = uv, v = v,Wi = vwi. (148) 

In the chart (147), u = is a local equation for E, w~i = w-^i(qi) = is a local 
equation for S— i(gi) and v = is a local equation for the strict transform of the 

component E^ of Dy with local equation v = at q. In (148), v = is a local 
equation of E and u — is a local equation of the strict transform of the component 
Ei of Dy with local equation u = at q. In the chart defined by (147) u = w~i = are 
local equations of ji and in the chart defined by (148) v — Wi — arc local equations 
of 7j. Thus 7^ makes SNCs with Dy 1 , and 7$ is a line on £7 = P 2 . 

If q G 17 (Rj) for some j 7^ i, then we see from (145) and (146) that jj = SW (q 1 ) ■ E 

i 

(where q' E * _1 (g) fl U (Rj)) has local equations u = w 3 ■ = in the chart (147) where 

wj = Wi + v! Xi ' +hi i~ 1 i bi ''4> ij . 

In the chart (148), jj has local equations v = w j = where Wj = Wi+u a ^v aij+bij ~ 1 <f>ij. 
If a^j + 6jj > 1, then 7, = 7j so that 2 (a) (i) holds in the statement of Lemma 7.13. 
If + b^ = 1 then 2 (a) (ii) of the statement of Lemma 7.13 holds. 
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We will now verify that 74 is a prepared curve for R 1 of type 4. 1 - 4 of Definition 
7.5 are immediate from the above calculation. 

We now verify that 5 of Definition 7.5 holds for 7^. Let 

Iji ={j\q&U (Rj) and jj = 7J. 

We have permissible parameters u, v, Wj = w-^, (q) at q for j G L (i . By construction, 

7i l~l U (R]) is the set of 2-points in ji for all j G J 7i . Suppose that q\ G 7» is a 1-point. 
Then we have (after possibly interchanging u and v) permissible parameters u 7 v,Wj 
at qi for j G I li defined by 

u = u,v = u(v + a),Wj = uuJj (149) 

for some ^ a G k, where Wj — is a local equation of Sl(i?^) at (ft. Thus 5 (a) of 
Definition 7.5 holds. From the relation 

wj — Wi — u aij v bij (f>ij{u,v), 

we have 

Wj -Wi = v? i * +bi *~ 1 (v + a) bii 4>ij (u,u(v + a)). 
Thus 5 (d) of Definition 7.5 holds. 
1 or 3 of Definition 5.5 hold at all 

pG /^(tfi) Cj^\q) 

for it, v, Wj, and after substitution of (149) into this form, we see that 5 (b) of Definition 
7.5 holds. Thus 7, is prepared for R 1 of type 4. We have completed the verification 
of 2 (a) of Lemma 7.13. 

We now verify 2 (b) of Lemma 7.13. Suppose that 7 is prepared for R, q G 7, and 
7 is prepared for R of type 4. Then 7 = E 2 ■ S^. (q) for some Ri and component i? 2 of 
Dy containing q and 7 C fl(Ri). Let u = u-^ (q),v = vj^ (q),Wi = w-^ (q). We may 
assume that v = is a local equation of E 2 ■ Then v = Wi = are local equations at q 
of 7. Let 7' be the strict transform of 7 on Y\. qi = 7' • E has permissible parameters 

where 

U = U,V = UV, Wi = UWi , 

and TJ = Wi = are local equations of 7'. Let E 2 be the strict transform of £^2- 
Since q\ G U(R i ), we have 7' = E 2 ■ S-^i(qi) and 7' C ^(i?^). Thus the conditions of 

Definition 7.5 hold for 7', and 7' is prepared for R 1 . If 7 is a 2-curve, then the strict 
transform 7' of 7 on Y\ is a 2-curve so 7' is prepared for R 1 . 

Finally, suppose that / is r-very-well prepared. We have shown that 1 and 2 
of Definition 7.6 hold for f^. Since whenever Ri is a pre-relation associated to R 
containing q, fl(Ri ) — > Q(Ri) is the blow up of a point on a nonsingular surface, and 
V l (Y) satisfies 3 of Definition 7.6, 3 of Definition 7.6 holds for K(Yi). Thus / 4 is 
T-very-well prepared. □ 

Lemma 7.14. Suppose that f : X — > Y is r-quasi-well prepared (or T-well prepared 
or T-very-well prepared) with 2-point relation R. Suppose that q G Y is a 2-point such 
that q U(R) and q is prepared (of type 2 of Definition 7.4) for R. Then q is a 
permissible center for R and there exists a T-quasi-well prepared ( or T-well prepared 
or r-very-well prepared) diagram (110)of R and the blow up ^ : Y\ — > Y of q such 
that: 

1. Suppose that Dx is cuspidal for f. Then Dx 1 is cuspidal for f\. 
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2. Suppose that f is r-well prepared. If 7 is a prepared curve on Y then the 
strict transform of 7 is a prepared curve on Y\ . 

3. <j> is an isomorphism over f^ 1 (Y — Y*(Y)) 

Proof. The proof is a simplification of the proof of Lemma 7.13. □ 

Lemma 7.15. Suppose that f : X — > Y is T-very-well prepared and C C Y is a 
prepared curve of type 4 (of Definition 7.5). Further suppose that q$ G CC\U(Rj) for 
some Rj associated to R implies C = E ■ S^.{qs) for some component E of D\- Then 
C is a *-permissible center for R, and there exists a T-very-well prepared diagram 

X 1 A Y 1 
$1 I l*i 
X ^ Y 

of R of the form of (111). If Dx is cuspidal for f then Dx 1 is cuspidal for f\. $1 
is an isomorphism over f^ x (Y — U C)). If C is contained in the fundamental 

locus of f then $1 is an isomorphism over f~ x {Y — T,(Y)). 

Proof. If C is contained in the fundamental locus of /, then TqOx,p is invertible if 
pG S(F)) by Lemma 5.1. 

Let C — E a ■ Sy^. (qp). For q G C, we have permissible parameters 

u 7 v,Wi (150) 

such that u = Wi — are local equations at q for C, with the notation of 5 of Definition 
7.5, if q £ U{Ri), and u = u-^ (q), v — v^(q), Wi — w-^ (q) if q G U(Ri). As in the 
proof of Lemma 7.13, after blowing up 2-curves and 3-points above X, by a morphism 
^oo^]. : X\ — > X, with associated morphism f\ = / o$ °^i : X\ —>Y, we have that 
the following holds: Suppose that q G C is a 2-point, and p G fi (q) and XcOx x ^ is 
not invertible, then one of the forms (123) or (124) hold at p G /j -1 ^) (with d < a 
in (123), (g, h) < (a, b) and 7 = in (124)). We have that <&o $1 is an isomorphism 
over / _1 (Y — (S(F) U C)) and if C is contained in the fundamental locus of /, then 
$0 $1 is an isomorphism over / _1 (Y — E(Y)). 

If q G C is a 1 point then a form (151) below holds at p G /j -1 ^) if Ic^Xi,p is not 
invertible. 

u = x a 

v =y (151) 

Wi — x d z 

where d < a and p is a 1-point. 

As in the proof of Lemma 7.13, the locus of points in X\ where XcOx^ is not invert- 
ible is a (possibly reducible) curve E which makes SNCs with the toroidal structure 
of X\. As in the proof of Lemma 7.13, we can construct a sequence of blow ups of 
sections over components of E, X4 — ► X\ , such that the resulting map / 4 : A 4 — ► Y 
factors through the blow up *i : Y\ — > Y of C. Let <f> : A 4 — > X be the composite 
map. By construction, if u,v,Wi are our permissible parameters at q G C of (150), 

and pg/ 4 (g), we have permissible parameters at p such that a form 5 (b) of Defi- 
nition 7.5 holds for u, v, Wi at p if q is a 1-point and w, w, Wi are super parameters for 
/ 4 if g is a 2-point. 

Let /4 : X4 — ► Yi be the resulting morphism. As in the proof of Lemma 7.13, we 
see that fi is prepared. 

Suppose that q G C n U(Rj) for some 7. Then g G U{Ri), since C is prepared of 
type 4. By the hypothesis of this lemma, the germ of C at g is contained in S^ ,(q). 
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Since C C E a , the germ of C at q is E a ■ S^.(g). Thus in the forms of (106) of 
Definition 7.3 for i?, we have djk > for all j, k G Iq. 

4' 1 " 1 (g) is covered by 2 affine charts. The first chart has uniformizing parameters 
u, v, Wi defined by 

u = u, v = v, Wi = uwi. (152) 
The second chart has uniformizing parameters u' ,v' ,w[ defined by 

u = u'w'i, v = v', Wi = w[. (153) 
For j G Iq we have a relation 

Wj — Wi + U aij V bij 4>ij (u, v) 

with dij > (where wj = w-^ (q)). As in the proof of Lemma 7.13, it follows that the 
transform R 1 of R for / 4 is defined, / 4 is r-quasi-well prepared, and Dx 4 is cuspidal 
for fi if Dx is cuspidal for /. 

We now verify that / 4 is r-well prepared. 1 of Definition 7.3 is immediate. 

Suppose that C n U(Rj) j= for some j. Then C = E a -Rjiqp) G Cl(Rj). Since 
fl(Rj) is nonsingular and makes SNCs with Dy, &{Rj) is nonsingular, makes SNCs 
with D Yl , contains U(R)), and Q(R]) n U{R X ) = U(R)). If Cfl U(Rj) = 0, then after 
possibly replacing £l(Rj) with a neighborhood of Fj in £l(Rj) (with the notation of 
Definition 7.6, and following our convention on £l(Rj) stated after Definition 7.6), we 
have that 0.(Rj) (~1 C = 0. Thus 2 of Definition 7.3 holds. 

If q G C n £/(#,), then ^ = U(r]) D / 4 _1 (g) is a 2-point in the chart (152), and 

Wjji ) = Wj = -jj- = Wi + u a ^ ~ ^ <f>ij (u,v). (154) 
Thus qj G U(r\) if and only if a y - 1 + b i} > 0. Let qi = U(R\) n / 4 _1 (g), 

I qt = {j I % G ^J)}- 
j G / 9i if and only if j G Iq and + bij > 1. Suppose that r > 0, and j G I qi . If 
Rj(q) is defined by an expression 

then Rj(qi) is defined by the expression 

w e / ^ XjH^-^v^. (155) 

From equation (154) we see that the set (107) of Definition 7.3 corresponding to qi 
and R 1 is totally ordered, since the set (107) of Definition 7.3 corresponding to q and 
R is totally ordered. In particular, we see that 3 and 4 of Definition 7.3 hold for / 4 . 
We have completed the verification that / 4 is r-well prepared. 

Let E = ^(C) and if C n U(Rj) ^ 0, let 7, = fl(R)) ■ E. 7, is also nonsingular 
and makes SNCs with D Yl - We have that 7, ■ = E ■ <%i(<7i) for all q\ G E n U(Rj), 
and 7j is a section of £7 over C. In particular, 1 and 2 of Definition 7.5 hold for -fj. 

Suppose that for some Rk associated to R, there exists 7' C fl(R k ), with 7' = 
Efi-S^iqs), and 7' n 7j 7^ 0- 

First suppose that 7' G £. Then U(rI) n £ ^ and 7' = 7 fe = ITSW (92) for 

all € U(R k ) H F. Let F = F a be the component of Dy containing C. Since C 
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is prepared and *i(7j) = *i(7fe) = G, we have that G n U{Rj) =Cfl U{R k ) and 
C = F • (q) = F-S^Jq) for q G C U(Rj). 

Suppose that q 2 G 7j n -f k . Let g = ^i(q 2 ) G C. Let u,v,Wi and u,v,w k be the 
permissible parameters at g of (150). 

Suppose that q is a 1-point. We have 

Wj = w k +u C]k <j) jk {u,v), 

where (f)j k is a unit series (or <pj k = 0) by 5 (d) of Definition 7.5, since G is prepared 
for R of type 4. We have that q 2 has permissible parameters u,v,Wj where 

u = u,v = v, wj = WjH. (156) 

Define w k by w k = w k u. We have that 

Wj =w k +Tfi k ~ 1 <f>j k (u,v). 

u = Wj =0 are local equations of jj at q 2 and u = w k = are local equations of j k 
at q 2 . Thus <72 is a 1-point with Cj-fc — 1 > and 7j = j k . 

Now suppose that q 2 G 7j fl7fc and g = "^((fe) G C is a 2-point. First suppose that 
g^Cn E/CRj) = Cn f/(^fe). We have a relation 

Wj =W k + U C i k V d i k <i)j k (u, V) 

where <j>ij is a unit series (or <f>j k — 0) by 5 (e) of Definition 7.5 for G. We have 
Cj k > 1 • <72 has permissible parameters w, zj, Wj where 

u = u,v = v, Wj = WjH. (157) 

Define w k by w k = w k u. We then have 

Wj =w k + u Clk ~ 1 v dik (j) jk (u 1 v). (158) 

Thus q 2 is a 2-point (and q 2 g [/(R 1 )). 

Finally, suppose that q 2 G Jj f\j k and q — ^\{q 2 ) G CP\U(Rj) = CC\U{R k ). Then 

q 2 G U(Rj) n U(R k ), and we have equations (157) and (158). 

Now suppose that j' = Ep ■ SW (qa) ^ -E, and 7' n 7j ^ 0. Then there exists a 
component G of Dy such that 7 = ^1(7') G G, and i?^ is the strict transform of 
G. Suppose that q 2 G 7' n jj. q = ^i(q 2 ) G 7 n C implies <7 G U(Rj) fl and 
7 = G • %^(f) by 3 of Definition 7.5 for Thus g 2 G U(Tl)) n U(i?fc)- 

Suppose that 52 G 77, c? = ^i{q 2 ) G G and p G f^ l {q 2 ). Let u,v,Wj be the 
permissible parameters at g of (150). Further suppose that 52 is a 1-point. Let 
u 7 v,Wj be the permissible parameters at (72 of (156). u,v,Wj satisfy a form 5 (b) of 
Definition 7.5 at p. Substituting (156) into these forms, we see that u,v,Wj satisfy 
a form of 5 (b) of Definition 7.5 at p. Now suppose that q 2 G jj is a 2-point, but 

q 2 U(Rj). Let u,v,Wj be the permissible parameters at q 2 of (157). u,v,Wj satisfy 
a form 5 (c) of Definition 7.5 at p. Substituting (157) into these forms, we see that 
u,v,Wj satisfy a form 5 (c) of Definition 7.5 at p. Thus 5 of Definition 7.5 holds for 

7j- 

We have seen that the curves jj only fail to be prepared of type 4 for fa at a finite 
set of 2-points T\ C E, where condition 3 of Definition 7.5 fails. If g G Ti, then 
q g" U{R 1 ) and there exist jj and 7^ such that jj ^ j k and q £ -fj (1 -f k . For q G Ti, 
let 

J q = {j I q G 7j ■ = E ■ S^i(q £ ) for some q c G U(Rj)}. 

Observe that: 
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1. For q e Ti, j G J q and p G fi {q), the permissible parameters u,v,Wj at q 
defined by (152) have a form 5 (c) of Definition 7.5. 

2. For i,j G J q there exists a relation of the form 5 (e) of Definition 7.5 for Wi 
and Wj, and the set {(<%, fry)} is totally ordered. 

In particular, the points in T\ are prepared for R 1 of type 2 of Definition 7.4. Let 
*2 : 1^2 -> *i be the blow up of Ti, and let 



*5 


/5 


^2 


I 




1*2 


*4 


/4 


11 



be the r-well prepared diagram of Lemma 7.14. Let 

( qE *2 1 (T 1 ) such that qE-ffn-fl } 
T 2 = < where 7 4 2 , t 2 are the strict transforms of some > . 
[ 7i, 7 fc such that 7; 7^ ~f k and 7, n 7^ ^ J 

The points of T 2 must again be prepared for the transform R 2 of R on of type 2 
of Definition 7.4, and the points of T 2 satisfy the corresponding statements 1 and 2 
above that the points of T\ and J q satisfy. 

We can iterate this process a finite number of times to produce a r-well prepared 
diagram 

m r 1 m 
I I 

Xi=X 4 h Y 1 =Y 1 

I I 
X ^ Y 

of the form of (112) such that the strict transform of the 7, are disjoint on Y m above 
Ti. It follows that the strict transforms of the 7$ are prepared of type 4 for the 
transform R m of R on X m . 

To show that f m is r-very-well prepared, it only remains to verify that the strict 
transform 7' of a curve 7 = Ep ■ S-^ (q) on Y (with 7 ^ C and 7 n C ^ 0) is prepared 
on F m . Since 7 is prepared of type 4, we have that 7 n C C U(Ri). By our previous 
analysis, we then know that Y (1 E C U (R 1 ), so that Y m — ► Fi is an isomorphism in 
a neighborhood of 7'. It thus suffices to check that 7' is prepared of type 4 on Y\ . 
This follows by a local analysis. 

□ 



Remark 7.16. 1. Suppose that f : X — > Y is r-quasi-well prepared and C C 
D Y is a nonsingular (integral) curve which makes SNCs with D Y and contains 
a 1-point such that 

(a) q G C fl U(Ri) for some 2-point pre-relation Ri associated to R implies 
the (formal) germ of C at q is contained in S-^ {q), and 

(b) Suppose that q G C — U(R). Then there exist permissible parameters 
u, v,w at q such that u = w = are local equations of C at q, and 

(i) If q is a 1-point, C is not a component of the fundamental locus 
of f , and p G f^ 1 (q), then there exists a relation of one of the 
following forms for u, v, w at p. 
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(A) p a 1-point 

u = x a 
v = y 

w = x c j(x, y) + x d z 

where 7 is a unit series (or zero), 

(B) p a 2-point 

u = (x a y b ) k 
V = z 

w = (x a y b ) l j(x a y b , z) + x c y d 

where 7 is a unit (or zero) and ad — be 7^ 0. 
(ii) If q is a 2-point, u,v,w are super parameters for f at q 
Then there exists a r-quasi-well prepared diagram 

_X 1 ^ Y L 
$1 j I *i 

X Y 

where V&i is the blow up ofC. <J>i is an isomorphism over / (Y— (£(Y)UC)). 
If C is contained in the fundamental locus of f , then <I>i is an isomorphism 

over f~ x {Y - 

2. Further suppose that f : X —> Y is T-well prepared, and if 7 = E ■ Rk(q a ) is 
prepared for R of type 4, then either C = 7 or q € C n 7 implies q € U (Rk) 
and the germ of C at q is contained in Sn k (q). Then there exists a T-well 
prepared diagram 





h 


Yi 






I* 


X 




Y 



where ^ is the blow up ^1 of C , possibly followed by blow ups of 2-points 
which are prepared for the transform of R (of type 2 of Definition 7.4) if C 
is prepared of type 4 for R, such that 

(a) 7/7 C Y is prepared for f, (and 7 7^ C) then the strict transform 0/7 is 
prepared for fi . 

(b) If C C Y is prepared for f (of type 4) and q G U(Ri) fl C for some i, 
then E ■ S-^i(q') is prepared for f\ (of type 4) for all q' e E fl U{R i ), 
where E is the component of Dy 1 dominating C . 

(c) Suppose that F is a component of Dy 1 such that 4 r (i r ) is a point. If 
q E F n U (Rj, ) for some i, then F ■ S^i (q) is a prepared curve of type 4 
forR 1 . 

(d) If Dx is cuspidal for f , then Dx 1 is cuspidal for f\. 

(e) 4>i is an isomorphism over f^ 1 (Y — (£(Y)UC)). If C is contained in the 
fundamental locus of f, then $1 is an isomorphism over f~ 1 (Y — 'E(Y)). 

The proof of Remark 7.16 is a variation of the proof of Lemma 7.15, using Lemma 
5.1 if C is a component of the fundamental locus of /. 

8. Existence of a t-very-well prepared morphism 

Suppose that / : X — ► Y is a birational morphism of nonsingular projective 3-folds, 
with toroidal structures Dy and Dx = ,f~ 1 (Dy). 



(159) 



(160) 
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Theorem 8.1. Suppose that f : X — > Y is prepared. Let t = Tf(X). Suppose that 
t > and if p G X is a 3-point and Tfip) = r then fip) is a 2-point on Y . Further 
suppose that Dx is cuspidal for f . Then there exists a commutative diagram 

X! ^ Y 1 
* | | * 

X -Z> Y 

where $ ; VP are products of blow ups of 2-curves, and there exists a 2-point relation 
R 1 for f\ such that f\ is t -quasi-well prepared with 2-point relation R 1 . Further, Dx x 
is cuspidal for f\ . 

Proof. Let 

i I 
X ^ Y 

be a diagram satisfying the conclusions of Theorem 5.7. 

Let T be the 3-points p G X\ with r/ x (p) = t. Let I be an index set of T, and let 
U = {f\{p) | p G T}. We necessarily have that U consists of 2-points. Suppose that 
q E U and p, L G Tn/j" (<?). We will define a 2-point pre-relation R p . on Yi which has 

the property that UiR p .) = {q}. Let u,v,Wi (with Wi G Oy li9 ) be the permissible 
parameters at q of 4 of Theorem 5.7, which have the property that 4 (a) or (b) of 
Theorem 5.7 holds for permissible parameters x,y,z at pi. If r > 0, define J? p .(p,) 
from the expression 

of 4 (a) of Theorem 5.7 where A, = 7(0, 0, 0) ei . We have gcd(a l , 6 i; e 4 ) = 1 and e 4 > 1. 
If r = 0, then an expression as a monomial form 4 (b) of Theorem 5.7 holds at p i: 

and we define R pi ipi) by Oj = bi = — 00 and the expression = 0. We now define 
a primitive 2-point relation R p . on Xi by TiR p .) = {pi} and R pi ipi) = R Pi iPi)- We 
can thus define a 2-point relation R 1 on Xi with T(i? 1 ) = T, UiR 1 ) = U, and where 
the defined above are the primitive 2-point relations associated to R 1 . It follows 
from Theorem 5.7 that fi is T-quasi-well prepared for R 1 , and Dx 1 is cuspidal for 
fi- □ 

Lemma 8.2. Suppose that Y is a nonsingular projective 3-fold with toroidal structure 
Dy and 2-point pre-relations Ri,... ,R n and 7 C Dy is a reduced (but possibly 
not irreducible) curve such that 7 has no components which are 2-curves and 7 is 
nonsingular at 1-points. If the Ri are algebraic, let rt(Ri) be the locally closed subset 
of Definition 6.2, and assume thatjdtliRi) is a union of 2-points, if 7 ) is an irreducible 
component of 7 such that 7 n f2(i?i) is a finite set. Consider the following algorithm. 

1. Perform a sequence of blow ups of 2-curves Y\ — > Y so that the strict trans- 
form 7! of 7 on Yi contains no 3-points. 

2. Perform an arbitrary sequence of blow ups Y 2 — > Y\ of 2-curves. Letj 2 be the 

2 2 

strict transform of 7 on Y~ 2 • Let R x , . . . ,R n be the transforms of Ri , . . . , R n 

on Y 2 . 

3. Blow up all 2-points q G 7 2 such that 7 2 (ioes no£ make SNCs with Dy at q 

2 

or q G UiRj_) for some i and the germ ofj 2 a ^ Q * s n °t contained in S-^2(q), 
2 

or q G f^(-Ri ) /or some i, and the germ ofj 2 at q is not contained in the germ 
ofniEf) atq. 
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4. Iterate steps 1.-3. 

Then, after finitely many iterations, we produce a sequence of admissible blow ups 
:Y\ — > Y such that the strict transform 71 0/7 on Y\ is nonsingular and makes 
SNCs with Dy 1 ■ Further, if R\ is the transform of Ri on Y\ for 1 < i < n and 
q G U{R\) n 71 for some i, then the germ 0/71 at q is contained in S R i(q). If 
q G fl 71 for some i, then the germ 0/71 at q is contained in the germ of il(Rj) 

at q. 

Proof. This follows from embedded resolution of plane curve singularities (cf. Section 
3.4 and Exercise 3.13 [C3]). □ 



Lemma 8.3. Suppose that f : X — > Y is prepared, and C is a reduced (but possibly 
not irreducible) curve, consisting of components of the fundamental locus of f which 
contain a 1-point. Then 

1. C is nonsingular at 1-points of Y . 

2. If f is T-well prepared, and 7 C Y is prepared for R of type 4 then either 7 is 
a component of C or C ("17 contains no 1-points ofY. 

Proof. 1 follows from Lemma 3.5. 2 follows from Lemma 3.5 and 5 (b) of Definition 
7.5. □ 



Theorem 8.4. Suppose that r > 0, / : X — > Y is t -quasi-well prepared ( or T-well 
prepared) with 2-point relation R, andC CY is a reduced (but possibly not irreducible) 
curve consisting of components of the fundamental locus of f which contain a 1-point 
ofY. Assume that Dx is cuspidal for f . Then there exists a sequence of blow ups of 
2-curves and 2-points ^\ : Y\ — ► Y and a r-quasi-well prepared (or T-well prepared) 
diagram of R and 

X 1 ^ Y 1 

$1 I *i I (161) 

X -Z> Y 



such that 

1 . The strict transform C of C on Y\ is nonsingular and makes SNCs with Dy 1 . 

2. If Cj is an irreducible component of C and q £ U(R i ) for some R { associated 
to R 1 is such that q G Cj then the germ of Cj at q is contained in S^i (q) . 

3. Iff is T-well prepared, Cj is an irreducible component of C and^f = E ■ Ri(q a ) 

is prepared for R 1 of type 4, then either Cj —jorqE CjCi-y implies q G U (-R/J 
(and thus the germ of Cj at q is contained in Sn k (q)). 

4. Dx 1 is cuspidal for f\. 

5. $1 is an isomorphism over f^ 1 (Y — E(Y)). 

Proof. C G Dy and C is nonsingular at 1-points by Lemma 8.3. We now follow the 
algorithm of Lemma 8.2. If / is T-well prepared, then by our convention on the fi(-Rj) 
(following Definition 7.5), we may replace Cl(Ri) with an open subset, so that if Cj 
is a component of C, then either Cj is disjoint from Cl(Ri), or intersects Cl(Ri) in a 
finite set of 2-points which are in U(Ri), or on a curve 7 G which is prepared 

for R of type 4. By Lemma 8.3, if Cj is a component of C and 7 G ft(Ri) is prepared 
of type 4 for R, such that Cj ^ 7, then 7 n Cj is a set of 2-points. 
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We first construct a sequence of blow ups of 2-curves, *i : Y\ — > Y so that the 
strict transform C\ of C on Y\ contains no 3-points. Let 





h 




$1 1 






X 


Y 



be a r-quasi-well prepared (or r-well prepared) diagram of R and \fi such that $i is 
an isomorphism above / _1 (Y — £(Y)) (this exists by Lemma 7.11). 

If / (and thus also /i) is T-well prepared, and q is a 2-point on a curve 7 C Yi which 
is prepared for i? 1 of type 4, then q is prepared for /1 (of type 1 or 2 of Definition 
7.4). 

Consider the 2-points 

^ f 2-points q G Ci which arc not in {/(R 1 ) and are not on a curve 
which is prepared of type 4 for /1 (if / is T-well prepared) 

By Lemma 5.6 and Remark 7.12, there exists a T-quasi-well prepared (or r-well pre- 
pared) diagram 

X 2 h Y 2 
$2 I I *2 

*i * *i 

where $ 2 is a product of blow ups of 2-curves and 3-points and \& 2 is a product of 
blow ups of 2-curves such that $2 is an isomorphism above / _1 (Yi — £(Yi)) and 
at all 2-points q 1 G ^ , 2 ~ 1 (0), there exist permissible parameters u 7 v,w, at 5ii such 
that u, v, w are super parameters for / 2 at q 1 , and thus q x is prepared for i? 2 with 
respect to u,v,w. In particular, all 2-points on the strict transform Ci of C on Y% 
are prepared for R 2 (of type 1 or 2 of Definition 7.4). The map Y 2 — > Fl is Step 2 of 
the algorithm of Lemma 8.2. 

Now perform Step 3 of the algorithm, blowing up all 2-points q on the strict 
transform C 2 of C on Y 2 where C 2 is singular, or C 2 docs not make SNCs with Dy 2 

at q, or q G Q(Ri) for some i? 4 associated to i? 2 and an irreducible component C" 

2 

of C2 contains g but the germ of C at q is not contained in the germ of fi(i?i) at 
q. Let \I>3 : Y3 — > Y 2 be the resulting map. By Lemmas 7.13 and 7.14, there exists a 
T-quasi-well prepared (or r-well prepared) diagram 

X 3 % Y 3 

*3 I I *3 

X 2 h Y 2 

such that $3 is an isomorphism above f 2 1 (Y 2 — Y,(Y 2 )). 

Now by Step 4 of the algorithm of Lemma 8.2, we can iterate this process to 
construct a r-quasi-well prepared (or r-well prepared) diagram (161) such that the 
conclusions of Theorem 8.4 hold. By our construction, and Lemmas 7.11, 7.13 and 
7.14 and Remark 7.12, Dx x is cuspidal for f\. □ 

Theorem 8.5. Suppose that f : X — > Y , C and f\ : X\ — > Y\ are as in the assump- 
tions and conclusions of Theorem 8.4- Then there exists a sequence of blow ups of 
2-curves ^2 : Y 2 — > Yi, and a T-quasi-well prepared (or r-well prepared) diagram 



x 2 h 


Y 2 


$2 I 


*2 1 


x x A 


Yj 
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such that 

1. The conclusions of 1, 2 and 3 of Theorem 8.4 hold for the strict transform 
C 2 ofC onY 2 . 

2. Dx 2 is cuspidal for f 2 . 

3. The components 7 of C 2 are permissible centers (or *-permissible centers if 
7 is prepared of type 4 ) for R 2 . 

4. $2 is an isomorphism over f~ (Yi — X(Yi)). 

In the resulting r-quasi-well prepared (or T-well prepared) diagram 

X 3 % Y 3 
X 2 h Y 2 , 

*3 is the blow up of C 2 , possibly followed by blow ups of 2-points which are prepared 
for the transform of R if f is r-well prepared, and C contains a component which is 
prepared of type 4 for R. Further, Dx 3 is cuspidal for / 3 and $3 is an isomorphism 
above f-\Y 2 -^(Y 2 )). 

Proof. For all q £ C a 2-point such that q ^ U(R 1 ) 1 let u qi v q ,w q be permissible 
parameters at q such that u q — w q — are local equations for C at q. By Lemma 5.6 
and Remark 7.12, there exists a r-quasi-well prepared (or r-well prepared) diagram 

X 2 h Y 2 
X x ^ Yi 

where $2 is a product of blow ups of 2-curves and 3-points, ^2 is a product of blow 
ups of 2-curves, such that $2 is an isomorphism over /{" (Yi — S(Yi)) and for all 
2-points q G C, which are not in U(R 1 ), at 2-points qi £ ^ 2 1 (q) we have permissible 
parameters u,v,w at qi such that q\ is prepared (of type 2 of Definition 7.4) for 
R 2 with respect to the parameters u,v,w. In particular, this is true for the point 
qi £ , 5 2 ~ 1 (g) on the strict transform C 2 of C on Y 2 . At this qi, u,v, w satisfy 

U q = WU n , V q = V, W q = W 

for some n, u = w = are local equations of C 2 at qi , and u, v, w are super parameters 
at qi. 

Thus, the hypothesis of Remark 7.16 are satisfied, and the conclusions of Theorem 
8.5 hold. □ 

Lemma 8.6. Suppose that r > 7 / : X — > Y is r-quasi-well prepared with 2-point 
relation R and Dx is cuspidal for f. Further suppose there exists a r-quasi-well 
prepared diagram 

X -L Y 

$ J. I * (162) 

X ^ Y, 

where R is the transform of R on X, such that if qi £ U (R) is on a component E of 
Dy such that ^f(E) is not a point, then T(R) fl f^ 1 (qi) = 0- Further suppose that 
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is cuspidal for f. Then there exists a commutative diagram 

X 1 ^ Y 1 
$ | | * 

X -L Y 

such that <!>, ^ are products of blow ups of possible centers, and f\ is r-quasi-well 
prepared with 2-point relation R 1 and pre-algebraic structure. (R will in general not 
be the transform of R.) Further, Dx t is cuspidal for f\. 

Proof. Given a diagram (162), we will define a new 2-point relation R! on X for /. 
This is accomplished as follows. Suppose that qi G U(R) is such that f^ 1 (qi)r\T(R) ^ 
0. Let 

J qi ={i\T(R i )nf- 1 (q 1 )^$}. 

For.? e J qi , let g = *(«i), 

U = U R 3 (V), V = («). Wj = Wr 3 (<?)• 

Let 

«i = Us-(?i),wi = Vz-(qi),Wj,i = w-z-(qi). 

IXj IXj IXj 

Since ^> is a composition of admissible blow ups for the transforms of the pre-relations 
Ri on Y, we have relations 

u = u"vi, v = u\vf, Wj = u\v[wj y i (163) 

with ad — be = ±1. Since if qi is on a component E of Z?y we must have ^(E) is a 
point, we have a, b, c, d all nonzero. 

Forpi G T(Rj)r\f~ 1 (qi), there exist permissible parameters Xi,yi, z\ for Mi,t>i,tUj,i 
(and u 7 v,Wj) at pi and an expression 

u = x\y\z\ 

(164) 

where jj is a unit series in Oj^ . Since ad — be = ±1, there exist (after possibly 
interchanging u and u) m > and a factorization of the expression of u and v in (163) 
by the three successive substitutions: 

u = u, v = u m v 

u = uv,v = v (165) 
u = u1v\,v = u\vf 

for some a,b,c, dgN, with ad — bc = ±1. substituting (165) into (164), we see that 

(a, b, c) > (d, e, /) — m(a, 6, c) > 0. 

Thus 

m(a, 6, c) < (d, e, /) < (m + l)(a, 6, c). (166) 

If there does not exist a natural number r such that Wj\u r and Wj\v r in Oj^ , 
then there exists an expression by (166) (after possibly interchanging u and v, and 
xi,yi,Z!) 

u = x\y\ 

v = xfyf (167) 
wj = x\y\zYij 



u 


= x\y\z\ 


V 


rl e f 

= x\y\z{ 


Wj 


= x\y\z\~tj 
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with i =/= 0. But we now obtain a contradiction, since uv = is a local equation of 
Dx at pi . 

In conclusion, there exists a natural number r such that Wj divides u r and v r in 

Set f?(pi) = max{2r, e, /}, and 77 = max^^) | Pl G T(.R) n / 1 (Qi)}- Fix j G J 91 
and pi G T(Rj) n f~ 1 {qi)- There exists a(u,v,Wj) G k[[u, w, Wj]] = CV, 9 such that 
the order of the series cr is greater than 77 and + a G Oy g . Let 

W Pl = W 3 + c(ti,U,lOj). 



In Ox Pl , we have 



* // g h i r 



where 7 pi , 7 pi are unit series. Set 

w pi , o-(Mfw?,ufwf,ufwfwj,i) 



u\v{ u\v 1 



We further have 



w Pl = ^,17^. 



For fc G J 9l , there exists Xjk(u,v) G k[[w,v]] such that Wfc = + \jk{u, v). Suppose 
that p 2 eT(R k )C\ Write 

Ajfc (u, u) = a P2 (u, v) + h P2 (u, v) 

where a P2 (u, v) is a polynomial, and h P2 (u, v) is a series of order greater than 77. Set 

W p2 = W J + (J ( U ' U > + ^("i U ) _ h p2 (u, w ) e Cv,<7 

w* 2 = w k + a(u, v, w k - Xjk {u, v)) - h P2 (u, v) 
= w k + a P2 (u,v,w k ) 

where a P2 is a series of order greater than r\. Set 

W P2 

u\v[ 

From (163) we see that u\,Vi,w P2 are permissible parameters at qi and ui p2 G O y . 

We further have that w P2 — Wk,i"f P2 for some unit series 7 p2 G O x . 
We further have 

. W P2 ~ w pi _ Ajfe(u, v) - h P2 {u, v) 



G k((ui,t)i))nk[[ui,t;i,u; i j ) i]] = k[[ui,t>i]]. 



1 1 1 1 

We now define the new 2-point relation R! on X for /. Set T = T(R), U = j(T(R)). 
For p\ G T we define a primitive 2-point relation R Pl by U(R Pl ) = {qi = f(pi)}, 
T(R P1 ) = { P1 }, 

U R P1 M = u r(P1-)' v Rp 1 (Pi) = v r(Pi), w R p1 (Pi) = w pi- 
If t > 0, we define 

aR Pl (Pi) = a R (Pi), b Rpi (pi) = b k {pi), e Rpi (pi) = e R ( P i) 

and 

Xr p M) = x r(pWWT r{pi) - 

If t = 0, we define 

a R P1 (P^ = b R P1 M = 



TOROIDALIZATION OF BIRATIONAL MORPHISMS OF 3-FOLDS 



87 



Let R! be the 2-point relation associated to the R Pl for all p\ G T. We have 
T(R') = T(R) and U(R') = f(T(R)). From the above calculations, we see that 
/ : X — > Y with the relation R' satishes 1 - 4 of the conditions of Definition 7.1 of 
a r-quasi-well prepared morphism. Finally, by Lemma 5.6 and Remark 7.12, there 
exists a commutative diagram 

Xi 4 Yi 
X -L Y 

where $i is a product of blow ups of 2-curves and 3-points and V&i is a product of blow 
ups of 2-curves such that the transform R 1 of R' for fx is defined and R 1 satisfies 5 
of the conditions of Definition 7.1 (as well as 1 - 4). Then /i is r-quasi-well prepared 
with pre-algebraic structure. Thus the conclusions of Lemma 8.6 hold. □ 

Theorem 8.7. Suppose that r > 0, f : X —* Y is r-quasi-well prepared with 2-point 
relation R and Dx is cuspidal for f. Then there exists a commutative diagram 

X 1 ^ Y 1 
$ | | * 

X ^ Y 

such that <3? and ^ are products of blow ups of possible centers and f\ is r-quasi-well 
prepared with 2-point relation R 1 and pre-algebraic structure. (R will in general not 
be the transform of R.) Further, Dx t is cuspidal for f\. 

Proof. We will show that there exists a r-quasi-well prepared diagram (162) as in the 
hypothesis of Lemma 8.6. Then Lemma 8.6 implies that the conclusions of Theorem 
8.7 hold. 

Step 1. Let Ao be the set of 2-points q e Y such that q e U(Ri) for some Ri 
associated to R and f _1 {q) n T(Ri) ^ 0. 
For q e A n U(Ri), set 

u = u Mi {q),v = v Mi (q),w i = w^,(q). (168) 

Let : Yi — > Y be the blowup of all q e A , and let 







Yx 








X 




Y 



be a T-quasi-well prepared diagram of R and $i (such a diagram exits by Lemma 
7.13). Let A\ be the set of all 2-points q\ 6 Y\ such that for some i, q\ e U(R i ), 
fi ill) f" 1 T(Rj) 7^ and qi is on a component E of Dy 1 such that *i(£ l ) is not a 
2-point. We have Ai C ^^ 1 (A ). Let * 2 : Y 2 — > Yl be the blowup of all gi e Ai, and 
let 

X 2 £ Y 2 

$2 I I *2 

*i ^> Yi 

be a r-quasi-well prepared diagram of R 1 and ^ 2 . Continue in this way to construct 
a sequence of n blow ups of 2-points &k+i : Xk+i — > Yfe + i for < fc < n — 1 with 
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r-quasi-well prepared diagrams 

fe + 1 — > 

of i? fc and ^fc+i. We have a resulting r-quasi-well prepared diagram of R 



Y \ V 

vi n ' J n 

$ | I * (169) 

x y. 

Suppose that g„ G F„ is a 2-point such that g„ is on a component £ of Dy n such that 
is not a point, and for some i, q n e and Z" 1 ^) n 7^ 0- We nave 

permissible parameters 

iti = it-^(<j„),wi = VxAqn),m,i = w^n(q n ) (170) 
at g„ such that for = g and with notation of (168), 



u = U\ 

V = U^Vl 



(171) 



or 



u = u\Vi 
v = v\ 

Wi =ViWi t i. 

Suppose that p G X is a 3-point such that p G T{Ri) n f^ 1 (q). Then there are 
permissible parameters x, y, z for u, u, tUj at p such that 

u = x a y h z c 

v = x d y e z f (172) 
Wi = x 9 y h z l -f 

where 7 is a unit series. 

We will show that we can choose n sufficiently large in the diagram (169), so that 
if p n G X n is a 3-point such that p n G $ (p) fl T(R n ) and q n = f n (p n ) is on a 
component E of Dy n such that $>(E) is not a point, then (172) must have one of the 
following forms (after possibly interchanging u,v and x, y, z): 

u — x a y b 

v = x d y e z f (173) 
Wi = x 9 y h z l -f 



where b 7^ 0, / ^ and i ^ or 

w = x a 

v = x d y e z f (174) 
Wi = x 9 y h z l 'j 

with e and / 7^ 0, and h or i 7^ 0. 

We will now prove this statement. Since p is a 3-point, there exist regular param- 
eters x,y,z in Ox, P and unit series Ai,A2,A 3 G Ox, P such that x = xAi, y = yA 2 , 
z = zA 3 . Let ^ be any valuation of k(X) which has center p n on X n . q n has permis- 
sible parameters (170). 
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After possibly interchanging u and v, we have a relation (171), so that v{v) > 
nv(u). We can reindex x,y, z so that < v{x) < v(y) < v(z). Then 

(f + e + d- nc)v(z) > (/ - nc)v(z) + (e - nb)v{y) + (d - na)u{x) > 0. 

Thus if c 7^ 0, and n > / + e + d, we have a contradiction. Thus taking n > f + e + d 
for all d, e, f in local forms (172) for 3-points p G T(R), we achieve that c = in all 
local forms (172) which are the images of 3-points p n G T(R n ) which map to a point 
q n of Y n which is on a component E of Dy n such that ^(E) is not a point. 
If i = (and c = 0) in (172) we have 

(h + g — nb)v(y) > (ft — nb)v(y) + (g — na)v(x) > 

so that if b ^ and n > h + g we have a contradiction. Thus, by taking n » in 
(169), we see that if b ^ 0, then a form (173) must hold at p (since uv — is a local 
equation of Dx at p). If b = c = in (172), then a similar calculation shows that a 
form (174) must hold at p (for n>0). 

We observe that in (173) we have 

{z)nd Y , q = (v, Wi ). (175) 
Suppose that (174) holds. If i ^ then 

(z)nO y ,,= (t),i0i). (176) 

If ft ^ 0, then 

(y)nO Y , q = (v, Wi ). (177) 

We will show that in (173), v = Wi = is a formal branch of an algebraic curve C 
in the fundamental locus of / : X — > Y. Let R = Oy, q , S = Ox, P - z — is a local 
equation for a component of Dx- We have that v € (z) D R and u ^ (z) n i? so that 
(z) n fl = (u) or (z) fl R = a where a is a height two prime containing v. We have 
(zS) fl R = (v, Wi). Suppose that (z) (~l R = (v). We then have an induced morphism 

R/(v) - S/(z) 

which is an inclusion by the Zariski Subspace Theorem (Theorem 10.14 [Ab]). This 
is impossible, so that a is a height 2 prime in R, and defines a curve C, which is 
necessarily in the fundamental locus of / since ~z = is a local equation at p of 
a component of Dx which dominates C. A similar argument shows that in (174), 
v = Wi = is a formal branch of an algebraic curve C in the fundamental locus of /. 

Step 2. Let C be the reduced curve in Y whose components are the curves in the 
fundamental locus of / which are not 2-curves. Let C be the reduced curve in Y n 
which is the strict transform of C. The components of C are then in the fundamental 
locus of /„. By Theorems 8.4 and 8.5, we can perform a sequence of blow ups of 
2-points and 2-curves W : Y' — > Y n so that we can construct a r-quasi-well prepared 
diagram of \&' and R n 

X' C Y' 

$' i I*' (178) 

X n ► Y n 

where R' is the transform of R n on X', such that the strict transform C of C on Y' 
is nonsingular, if q' G U(R' i ) fl C for some i then the germ at q' of C is contained in 
Sn'.(q'), and the (disjoint) components of C are permissible centers for R' . 
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Let : Y(l) — > Y' be the blow up of C. By Theorem 8.5, we have a r-quasi-well 
prepared diagram of ^(1) and R' 

X(l) f $ Y(l) 
$(1)1 / (179) 
X' 4 Y'. 

Let R(l) be the transform of R' on X(l). Suppose that q e J7(i? t (l)) C 
is a 2-point on the exceptional divisor of ^(1), q is on a component £ of D Y (\) 
such that (<J> o vfr' o \I>(1))(.E) is not a point of F, and there exists a 3-point p i E 
(/(l))" 1 ® n T(i?,(l)) C X(l). Let 9 - * o *' o q = *(l)(g). Let 

« = u r'{o)^ = ^'M,Wi = Wji'Xq), 

u = u-^(q),v = v M (q),w i = w^,(q). 

We have an expression, after possibly interchanging u and i>, 

u = u,v — u e v, Wi = u^viii (180) 

for some e, / > 0. -5 = is a local equation of the strict transform of Dy at q, and 
v = Wi = are local equations of C at g (by (175) (176) or (177)). 11/(1) is the blow 
up of (v,u>i) above q. Since q € U(Ri(l)), we must have 

" = "^(l)®' 5 = "5,(1) W» «*< = "5,(1) (5)«^ ( i) (?)■ 
Substituting into (180), we have 

u = "5,(1) (5). « = "5,(1) ©"^(l)^).^ = "fl.cij^'vH.ci) (9)^(1) (?) 

(181) 

with e, / > 0. 

We now apply steps 1 and 2 of the proof to /(l) : X(l) -> and R(l). We 

construct a r-quasi-well prepared diagram 

_X(2) ^ r(2) 
*(2) I I *(2) 

x(i) - 

where i?(2) is the transform of R(l) on X{2) such that if q2 _e U{R l {2)) C F(2) is a 
2-point such that g 2 is on a component E of D Y (2) such that W(2))(£') is not a point of 
Y(l) and there exists a 3-point p 2 £ /(2) _1 (g 2 ) DT(R,(2)) C X(2) and ^ = *(2)(g 2 ) 
then we have an expression: 



R 4 ( 



l)(«l) = U K 1 (2)(92) e ^ (2 )fe) (182) 



^anv^i) - % i r 2 i(?2)\ i m(«2)%ra(«2) 



- "^(2)^ L, _R I (2)W2;^ fii(2 )> 

or 



=,i K,(2) (<a) w « i (2) fe) e 

fl 4 (i)(9i) =w fl,(2)(«j) (183) 

4 (l)(«l) = "5,(2) (<a) w fl,(2) (<ft) / «^ i (2)(«») 



with e, / > 0. 

Let q = (* o o *(1) o \F(2))(g 2 )- Substituting (182) or (183) into (181), we see 
that if g 2 is on a component _E of D Y (2) which does not contract to q, then we have 
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an expression 

u = u Rt (q) =u- n .^ ) (q 2 ) 

v = v Ri {q) ^u^ d2) (q2) e2 ^ (2) (q 2 ) (184) 
w = w Ri (q) = u ^(2)fe) /2 ^( 2 )fe) 2 w-R i(2) (g 2 ) 

with e 2 , h > 2. 

Iterating steps 1 and 2, we construct a sequence of r-quasi-well prepared diagrams 



1 




I 


X(n) 


fin) 


Y(n) 


*(n) | 




i tf(n) 


(n-1) 


f{n-l) 


F(n- 


1 




I 


1 




I 


X(l) 


m 




mi 






X 


y 



This algorithm continues as long as there exists q n G U(Ri(n)) for some « such 
that (fa is on a component E of D Y ( n ) which does not contract to a point of Y, and 
/(n)- 1 (fe)nT(ii i (n))^0. 

Suppose that the algorithm never terminates. 

Let i/ be a 0-dimensional valuation of k(X). We will say that v is resolved on X(n) 
if the center of v on X(n) is at a point p n of -X"(n) such that either p n £ T(R(nj) or 
p n G T{R{n)) and all components S of D Y ( n ) containing q n — f(n)(p n ) contract to a 
point of Y. 

By our construction, if v is resolved on X(n), then v is resolved on X(m) for all 
m> n. Further, the set of v in the Zariski-Riemann manifold Vl(X) of X which are 
resolved on X is an open set. 

Suppose that v is a 0-dimensional valuation of k(X) such that z/ is not resolved on 
X(n) for all n. Let p„ be the center of v on X(n), q n be the center of v on y(n). 

There exists an i such that for all n, q n G U(Ri(n)) andp„ G f(n)~ 1 (q n )nT(R i (n)). 
We have expressions 

U = UrM = U R^ n )(ln) 

v = vrM =u^ {n) (q n ) e -u ndn) (q n ) (186) 
W = W Ri {q) = Wfl i( „ ) (9n) /n Vfl j(n) (9n)"w^ i (n) («„) 

with e n , /„ > n for all n. 

From (186), we see that z/(u) > nz^(u) for all n G N. Thus z/ is a composite 
valuation, and there exists a prime ideal P of the valuation ring V of zv such that 
v E P, u ^ P. Let z/i be a valuation whose valuation ring is Vp. We have v\{u) = 0, 
z^i(w) > 0. From (186) we see that 

i>i (to) - ni>i(u) > (187) 

for all n G N. 

At p = po E X, we have a form (173) or (174). In (173) we have v\(y) = 0. 
uv = is a local equation of Dx at p. Thus either a > or d > 0. If a > then 
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vi(x) = and fi(z) > 0, a contradiction to (187) since / ^ 0. If d > 0, we again 
have a contradiction to (187). In (174) we have v\{x) = and v\(y),i>i(z) > 0, a 
contradiction to (187), since e, / > 0. 

We have shown that for all 0-dimensional valuations v of k(X), there exists n such 
that v is resolved on X(n). 

By compactness of the Zariski-Riemann manifold [Zl] there exists N such that all 
v G Q(X) are resolved on X(N), a contradiction to our assumption that (185) is of 
infinite length. The diagram 

X(N) Y(N) 

I I 
X Y 

thus satisfies the hypothesis of (162) of Lemma 8.6, so that the conclusions of Theorem 
8.7 hold. 

□ 

Lemma 8.8. Suppose that r > 7 / : X — > Y is r-quasi-well prepared with 2-point 
relation R and pre-algebraic structure (or r-well prepared with 2-point relation R), 
q G U(Ri) C U(R) and p G / _1 (<z) H T(Ri) is a 3-point. Suppose that E is a 
component of Dy containing q. Let C = E ■ Sd (q). 

Let : Y n — > Y be obtained by blowing up q, then blowing up the point q\ which 
is the intersection of the exceptional divisor over q and the strict transform of C on 
Y\ , and iterating this procedure n times, blowing up the intersection point of the last 
exceptional divisor with the strict transform of C . Let 

y hx v 

yv n ' 1 n 
$ | | * 

X ^ Y 

be the r-quasi-well prepared (or r-well prepared) diagram of R and ^ obtained from 
Lemma 7.13 (so that $ is an isomorphism above f^ 1 (Y — £(Y"))). 

Suppose that for all n >> there exists a 3-point p n G < E > ~ 1 (p) f~l T(Rf) such that 
fn{p n ) = q n G 1 &~ 1 (q) n C n , where C n is the strict transform of C on Y n . Then C is 
a component of the fundamental locus of f . 

Proof. At p there is an expression 

u 
v 
w 

where 

U = lift, (p), V = Ujj. (p), Wi = u^. (p), 

x, y, z are permissible parameters at p for u, v, Wi, 7 is a unit series, and v — is a 
local equation of E at q. Then v = = are local equations of C at q. 
By our construction of ^, we have that 

U = U-jjn (p n ), Vl = Vjjn (p n ), W it l = W^n (p n ) 

are defined by 

Ml = U, Vl = u n vi,wn = U n Wi^\. 

Now the conclusions of the lemma follow from the argument from (172) to the end 
of Step 1 in the proof of Theorem 8.7. □ 



= x a y b z° 
= x d y e zf 
= x 9 y h z l j 
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Theorem 8.9. Suppose that r > 0, / : X — » Y is T-quasi-well prepared with 2-point 
relation R and pre- algebraic structure, and Dx is cuspidal for f . Then there exists a 
commutative diagram 

*i ^ Yi 
X Y 

such that $,\I> are products of blow ups of possible centers and f\ is r-very-well pre- 
pared with 2-point relation R 1 . (In general, R 1 is not the transform of R). Further, 
Dx 1 is cuspidal for fx . 

Proof. After modifying R by replacing the primitive 2-point relations {Ri} associated 
to R with pre- relations such that each U(Ri) is a single point, we may assume that 
each Ri is algebraic (Definition 6.2), and R is algebraic (Definition 6.6). 

There exists a sequence of blow ups of 2-curves V^i : Y\ — > Y such that 3 and 4 of 
Definition 7.3 hold for the transforms {R { } of the {-Ri} on Yi, by embedded resolution 
of plane curve singularities (cf. Section 3.4, Exercise 3.13 [C3]) and by Lemma 5.14 
[C3]). By Lemma 7.11, there exists a r-quasi-well prepared diagram 





h 


Yi 


$i 4 






X 


Y 



of R and where $i, 'J'i are products of blow ups of 2-curves. Thus f\ is r-well 
prepared (with respect to the transform R 1 of R). We may thus assume that / is 
r-well prepared. Let 

y _ ( 7j = E ■ Sn(pi) such that E is a component of Dy, Pi G T(R), 
\ and 7i is a component of the fundamental locus of /. 

Suppose that ji G Vo- Let be a general point of 7$. In a neighborhood of 77,, 
/ : X — * Y can be factored by blowing up finitely many curves which dominate ji 
([Abl] or [D]). Let r(0) be the total number of components of Dx which dominate 
the curves 7$ e Vo- 



Step 1. By Lemma 8.8, there exists a r-well prepared diagram of R and ^1 



X\ 


h 


Yi 


$1 1 






X 




Y 



where ^1 is a product of blow ups of prepared 2-points (of type 1 of Definition 7.4) 
such that if 

y \ 7i(l) = E ■ S R i (pi) such that E is a component of Dy x , 
li( ' 1 ~ \ p t e T(R X ) and *i(7i(l)) is not a point 

then 7i(l) dominates a component 7$ of Vo, and $1 is an isomorphism over / _1 (Y — 
S(Y)) and thus is an isomorphism over the preimage by / of a general point r]j of 7^ 
for all 7j € Vo- Let r(l) be the number of components of Dx x which dominate some 
7i G Vo and are exceptional for f\. We have r(l) = r(0). 
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Step 2. By Theorems 8.4 and 8.5 there exists a r-well prepared diagram of R 1 

$2 1 1*2 

X! £ Y 1 

where ^ 2 is a product of blow ups of permissible 2-curves and 2-points, followed by 
the blow ups of the strict transforms of the 7, in Vq, and possibly by blow ups of 
more 2-points above the 7,. $1 o $ 2 is an isomorphism over f^ 1 {Y — T,(Y)), and thus 
is an isomorphism over the preimage by / of a general point rjj of all jj G Vq. ^2 
is the blow up of the strict transform 7j(l) of 7^ over a general point rjj of for 
all 7j G Vq. Let r(2) be the number of components of Dx 2 which dominate some 
7i G Vo, and are exceptional for / 2 . We have r(2) < r(0). 
Let 

„ _ f 7i(2) = .E ■ S^ipi) such that is a component of Dy 2 , 1 
2 ~~ \ G T(R 2 ) and (*i o * 2 )(7i(l)) is not a point J 

By construction, if 7,(2) G V2, then 7,(2) dominates a component of VV 

Step 3. We now repeat Step 1. As in the construction of /1, there exists a r- well- 
prepared diagram 

X 3 % Y 3 

$3 1 1 *3 

where ^3 is a product of blow ups of 2-points such that if 



( o\ G y = f 7i(3) = E ■ S R 3(pi) I E is a component of ZV 3 , 1 
7A j 3 \ ^ G T(i? 3 ) and *i o * 2 o #3 (7* (3)) is not a point J 

then 7,(3) is in the fundamental locus of / 3 , 7,(3) dominates a component 7* of Ko 
and $3 is an isomorphism over f 2 ~ 1 (Y — E(Y 2 )). 

The total number r(3) of components of -Dx 3 which dominate some 7, G Vo is 
equal to r(2). We now repeat Step 2 to get a reduction r(4) < r(3), where r(4) is 
the number of components of D X4 which dominate some 7, G Vo and are exceptional 
for / 4 . We see that by induction on r(2n), iterating Step 3, we can construct a 
r-well-prepared diagram for R 

x 4 h r 4 
$ 1 1 * 

X ^ Y 

such that if .E is a component of Dy 4 and S = S R *(p) for some p G T(R 4 ) intersects 
E, then 7 = _E • S is either contracted to a point by if or / 4 is an isomorphism over 
the generic point of 7. 

By Lemma 8.8, there exists a r-well prepared diagram for R 4 

X5 ^> Y 5 

$5 1 1 *5 

such that if E is a component of Dy 5 and 5 = S R s(p) for some p G T(R 5 ) intersects 
E, then 7 = E ■ S is exceptional for W o ^5. 
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Let 

( 7 = S-^s, (g) ■ E | E is a component of £>y 5 , 1 

5 ~ | #f is associated to R 5 and g G f 5 (T(R%)) J 

and let 

_ f q £ U(R 5 ) - h(T(R 5 )) such that there exist 7^ e T^ 5 1 
5 [ such that ji j j and q £ 7, n 7j . J 

The points of Z 5 are prepared 2-points for R 5 (of type 1 of Definition 7.4). Let 
^6 : — > X5 be the blow up of Z 5 . By Lemma 7.13, there exists a r-well prepared 
diagram 



of R 5 and * 6 . 
Define 



x 6 


h 


Y 6 


*6 I 




1*6 


*5 


h 





7 = 5-^6 (g) • E I i£ is a component of Dy B , 

i?f is associated to R 5 and q £ *<r ^(T^f ))) n 



g £ ?7(i? 6 ) - *e ^/s^C-R 5 ))) n C/(i? 6 ) such that there exist 7^,7, £ We 1 
such that 7^ 7^ 7j and g G 7^ fl 7j . J 

We necessarily have that the curves in We are strict transforms of curves in W5. 
We can iterate, blowing up Z 6 , and constructing a r-well prepared diagram, and 
repeating until we eventually construct a r-well prepared diagram 

$7 I 1*7 

*6 ^ *6 

such that * 7 is a sequence of blow ups of prepared 2-points (of type 1 of Definition 7.4) 
and if 71 = S R ?(pi) ■ E\, 72 = S R i{p2) • E 2 forpi,p 2 £ T(R 7 ) and Ei,E 2 components 
of D Yl , are such that 71 ^ 72, then 71 n 72 C C/(i? 7 ) n (* 6 ° ^ r)' 1 {h{T (R 5 )) ■ 

Let /3 = * o <3/ 5 o \l/ 6 o >]> 7 . We now construct pre-relations R i on Y-j with associated 
primitive relations R\ for / 7 . 

If Ri is a 2-point pre-relation associated to R, let T(R' i ) = T(Rj) and let 

U(R') = 1 qE U{RT) ( * 6 ° *7) _1 (/5Cr(fl 5 )) such that g e ~E~S^{p) 1 

2 \ for some component £7 of Dy 71 p £ T(Rj) J (188) 

For g' e C/(^), define i^g') = i?J(g'). For p e T{R' t ) define i2j(p) = i£(/ 7 (p)). 
Let R' be the 2-point relation for / 7 defined by the {R'i}- Let ^(-Rj) be an open 
subset of SX-Ri ) which contains all £7 • S-g (g) for g £ U{R i ). Recall that these curves 

are all exceptional for (3 and we can take ^l(Ri) so that £l(Ri) (~l U(R ) = U(R i ). 
/ 7 is r-well prepared with 2-point relation R'. For all let 

Vi(Yj) = 1 7 = _E a • S-^> (q) such that g G U(R > i ), E a is a component of Dy 7 j . 

By our construction, Lemmas 7.11, 7.13 and 7.14, and 2 of Remark 7.16, every curve 
7 £ Vi(Y 7 ) is prepared for R 7 of type 4. By (188), we now conclude that every curve 
7 £ ViiY'j) is prepared for R' of type 4. 1 and 2 of Definition 7.6 thus hold for / 7 
and J?'. 3 of Definition 7.6 holds for / 7 and i?' since for all R t , ViiY-j) consists of 
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exceptional curves of contracting to a nonsingular point q t £ fl(Ri). Thus / 7 

is t- very- well prepared with 2-point relation R' . 

□ 

Theorem 8.10. Suppose that / : X — > Y is prepared, Tf(X) = t > erne? Dx is 
cuspidal for f. Then there exists a commutative diagram 





h 


Yx 


$ j 




I* 


X 




Y 



such that fi is prepared, $ 7 are products of blowups of 2-curves, Tf 1 (Xi) = t, Dx 1 
is cuspidal for f\ and all 3-points p € X\ such that Tf 1 (p) = r map to 2-points of Y\ . 

Proof. We first define a 3-point relation R on X. Let 

T = {p G X | p is a 3-point, q = f(p) is a 3-point and r/(p) = r} . 

For pgT, since r > 0, there exist permissible parameters u,v,w at q = f(p) and 
permissible parameters x, y, z at p such that 

u = x a y b z c 
v = x d y e zf 
w = x 9 y h z l ^j 

where 7 is a unit series, rank(u,w) = 2 and rank(w, v, w) = 2. Thus there exist 
a, 6, c e Z such that 

(x*y I z~) a (x 1 y~z J ) b (x°y K z 1 ) c = 1, (189) 

with gcd(a, b, c) = 1 and 

min{a, 6, c} < < max{a, 6, c}. 

For peT, define 3-point pre-relations i? p on Y" by U(R P ) = {q = f(p)}, and R(q) 
is defined (with the notation of (91)) so that u = is a local equation of Ei, v = 
is a local equation of E 2l w — is a local equation of E 3 , a, b, c arc defined by (189) 
and X = X p = 7 (0,0,0) c . 

For p £ T, we now define primitive 3-point relations R p for / by T(R p ) — {p}, with 
associated 3-point pre-relation R p . We define R to be the associated 3-point relation 
for / with T(R) = U peT T(R p ) = T. 

By Theorem 6.10, there exists a commutative diagram 

X 1 ^ Y 1 
$ I I * 

X ^ Y 

where $, ^ are products of blow ups of 2-curves such that f\ is prepared, Tf ± (Xi) = t, 
the transform R 1 of R for f\ is resolved, and Dx x is cuspidal for /1 . Thus all 3-points 
p e X\ with r/j (p) = r map to 2-points of Y\ . 

□ 

Theorem 8.11. Suppose that f : X — > Y is prepared, Tf(X) — t > and Dx is 

cuspidal for f. Then there exists a commutative diagram 



x 1 




Y 1 


$1 1 






X 


h 


Y 
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such that $1 and are products of blow ups of possible centers, f\ is t -very-well 
prepared with 2-point relation R 1 , and D Xl is cuspidal for f\ . 

Proof. By Theorem 8.10, there exists a commutative diagram 



x 1 


h 


Y 1 






1* 


X 




Y 



such that and are products of 2-curves, /i is prepared, tj 1 (Xi) < Tf(X), D Xl is 
cuspidal for f\ and all 3-points p of X\ such that Tf 1 (p) = r map to 2-points of Y\ . 
Now by Theorems 8.1, 8.7 and 8.9 there exists a commutative diagram 

X 2 h Y 2 

I I 
X x ^ Yi 

where the vertical arrows are products of blow ups of possible centers such that f 2 is 
r- very- well prepared and D X2 is cuspidal for f 2 . 

□ 

9. TOROIDALIZATION 

Suppose that / : X — > Y is a birational morphism of nonsingular projective 3-folds 
with toroidal structures D Y and D x = f~ 1 (D Y ), such that D x contains the singular 
locus of /. 

Theorem 9.1. Suppose that r > and f : X — > Y is t -very-well prepared with 
2-point relation R. Further suppose that D x is cuspidal for f. Then there exists a 
T-very-well prepared diagram 

Xt ^ Y 1 

I I 
X ^ Y 

such that the transform R 1 of R is resolved and D Xl is cuspidal for f\ . In particular, 
fl is prepared, Tf 1 (Xi) < t, and D Xl is cuspidal for f\. 

Proof. Fix a pre-relation R t associated to R on Y, with associated primitive relation 
R t . By induction on the number of pre- relations associated to R, it suffices to resolve 
Rt by a r- very- well prepared diagram (for R). 
Recall (Definition 7.6) 



Vt(Y) = 



E ■ S such that E is a component of Dy, 
S = S^ t (q) for some q £ U(R t ) 

Ft = J2-yev t (Y) 7 i s a SNC divisor on tt(Rt) whose intersection graph is a tree. 
If 71 = Ei ■ (qi) G Vq and q £ 71, say that 71 is good at q if whenever q E U (Ri) 

for some i, then (q) contains the germ of 71 at q (so that 71 = Ei ■ (q) C fl(Ri)). 
Otherwise, say that 71 is bad at q. Say that 71 is good if 71 is good at q for all q G 71 . 

Let Yo = Y, Xq = X, f = f ■ We will show that there exists a sequence of 
T-very-well prepared diagrams 

I I (190) 

Xi — y Yi 
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for < i < m — 1 such that the transform R™ of Rt on X m is resolved. 

Suppose that 71 £ Vq and q e 71 is a bad point. By Remark 7.7, we have that 
q E U(R t ). Suppose that Ei,E 2 are the two components of Dy containing q, and 
71 = £1 •%(<?). Let 72 - £ 2 •■%>). 

We will show that g is a good point of 72. 

71 not good at q implies there exists j ^ t such that q € U(Rj) and the germ of 

71 at q is not contained in S-^ (q). Let 

u = u R t (l),v = (g) , w t = (g) . 

After possibly interchanging u and v we have that u = wt = are local equations of 
71, v = Wt = are local equations of 72 at q. Let Wj = w-^(q). In the equation 

Wj =w t + u atJ v bt3 4> t j 

of 3 of Definition 7.3 we have a t j = 0. 

If q is not a good point for 72 then there exists k ^ t such that q e U (Rk) and the 
germ of 72 at q is not contained in (q) . Let Wk = w-^ k (q) . In the equation 

w k = w t +u atk v htk (f) tk 

we thus have btk — 0. But we must have 

(0,b tj ) < (a tfe ,0) or (a tfe ,0) < (0,6 tfe ) 

by 4 of Definition 7.3, which is impossible. Thus q is a good point for 72. 

Suppose that all 7 e Vt(y) are bad. Pick 71 <E V t (Y). Since 71 is bad there exists 

72 6 Vt(y) — {71} such that 72 is good at qi = 71 fl 72 (as shown above). 71 n 72 is 
a single point since V t (Y) is a tree. Since 72 is bad and V t (Y) is a tree, there exists 

73 £ V t iY) which intersects 72 at a single point q 2 and is disjoint from 71 such that 
73 is good at q 2 . Since V t (Y) is a finite set, we must eventually find a curve which is 
good, a contradiction. 

Let 7 e V t iY) be a good curve, so that it is prepared for R of type 4, and is a 
*-permissible center (Lemma 7.15) and let :Y{ Y be the blow up of 7. 

By Lemma 7.15 we can construct a r- very- well prepared diagram of the form of 
(111) of Definition 7.9 

X 1 £ Y 1 
I I 

I Y{ (191) 

I 1*1 

x -> y. 

where Y\ — » y/ is a sequence of blow ups of 2-points which are prepared for the 
transform of R of type 2 of Definition 7.4. Observe that if 71 € VtiY) is a good curve, 
with 71 ^ 7, then the strict transform of 71 is a good curve in 14 (Yi). 

We now iterate this process. We order the curves in V t (Y), and choose 7 = 
E • Sn t (q) G V t (Y) in the construction of the diagram (191) so that it is the minimum 
good curve in V t (Y) . 

We inductively define a sequence of T-very well prepared diagrams (190) by blowing 
up the good curve in V t (y) with smallest order, and then constructing a very well 
prepared diagram (190) of the form of (191). Then we define the total ordering on 
V t (Y i+ i) so that the ordering of strict transforms of elements of V t (Yi) is preserved, 
and these strict transforms have smaller order than the clement of V t {Y i+1 ) which is 
not a strict transform of an element of V*(y ). We repeat, as long as R\ is not resolved 
(T(Rt)^9). 
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Suppose that the algorithm does not converge in the construction of f m : X m —> Y m 
such that the transform i?™ of R t is resolved. Then there exists a diagram 

I 

Y n 

Y n -x (192) 
I 

I _ I 
X Q = X W Y = Y 

constructed by infinitely many iterations of the algorithm such that T(R™) ^ for 
all n. 

Suppose that q n G U(R t ) is an infinite sequence of points such that ^ n {q n ) = q n -i 
for all n and \I/ n is not an isomorphism for infinitely many n. 

By construction, the restriction of to S-^ (q n ) is an isomorphism onto S^n-i (q n -i) 
for all n. Thus the restriction 

= o • • • o : S^n(q n ) -» S^ t (q) 

is an isomorphism, where q = qo = *i o • • • o ^ n (q n ). Without loss of generality, 
we may assume that no ^ n is an isomorphism (on Y n ) at q n . We have permissible 
parameters Ui = u- 5 i(qi),Vi = v-=i(qi),wt,i = w-=i(qi) at qi for all i such that either 

Ui = u i+ i,Vi = v i+ i,w t ,i = u i+1 w t . i+1 (193) 

or 

Ui = u i+ i,Vi = v i+1 ,w t .i = v i+1 w t . i+1 . (194) 

Suppose there exists k ^ t such that q n G U(R%) for all n. 
Let w k ,i = Wj? {Qi) for i > 0. 
The relations 

w k ,i - w t .i = u1 tk v h i tk 4>t,k 
of 3 of Definition 7.3 transform to 

Wk,i+1 ~ Wt.i+l = Ui+i _1 Ui+i0t,fc 

under (193), and transform to 

w k ,i+i - w t ,i+i = Ui+iUj+i -1 ^,* 

under (194). But we see that after a finite number of iterations q n ^ U(Rk), unless 
a-tk — hk = oo. Thus there exists n , such that whenever n > n , q n U{R k ) if k ^ t 
and att,bkt ^ oo . 

By our ordering, we have that there exists an no such that if n > no, 7 £ Vt(F„) 
is good and if k is such that 7 (~l U(R k ) 7^ then akt,bkt = 00, so that the Zariski 
closures of Q(R k ) and fi(i? t ) are the same. Thus all elements of V t (Y n ) are good for 
n > no, since otherwise, there would be a bad curve 71 G V^(Y^) which intersects a 
good curve 72 at a point at which 71 is not good. But then we must have that 
there exists k 7^ t such that the Zariski closure of £l(R k ) is not equal to the Zariski 
closure of fl(R t ), and q' G U(R k ), so that 72 n U(R k ) ^ 0, a contradiction. 



I 

i 
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Our birational morphism of to Ct(Rt) is an isomorphism in a neighborhood 

of U(R t ). Thus we have a natural identification of V t (Y n ) and V t (Y), and we see that 
for n > no, the *f> n cyclically blow up the different curves of Vt(Y). 

Since i?" is (by assumption) not resolved for all n, there are 3-pointsp„ E T(R r t l ) C 
X n such that = p n -i, and f n {Pn) = 9« £ ^(-R* ) f° r all n - Without loss of 

generality, we may assume that no ^ n is an isomorphism at q n . 

With the above notation at q n — f n (Pn), we have that (193) and (194) must 
alternate in the diagram (192) for n > n , by our ordering of V t (Y n ). Let p = p a E 
X = X a ,q = q a = f(p). 

We have 

u = u n ,v = v n ,w t = u^ n v^ n w t , n (195) 

where 

u = u R t (v)> v = (<?)> w t = ™R t (i) 

and a n , b n are positive integers which both go to infinity as n goes to infinity. 

There exists (by Theorem 4 of Section 4, Chapter VI [ZS]) a valuation v of k(X) 
which dominates the (non-Noethcrian) local ring U„>oC?x„,p„, and thus dominates 
the local rings Ox n , Pn for all n. Let x,y,z be permissible parameters for u,v,w t at 
p. Write (in 6 X , P ) 

u = x a y b z c 

v = x d y e zf (196) 
w t = x 9 y h z l -f 

where xyz = is a local equation of Dx at p and 7 is a unit series. 

There exist regular parameters x,y,z in Ox, P and unit series Ai,A 2 ,A 3 e Ox, P 
such that x — xXi, y — yA 2 , z — z\ 3 . We may permute x,y, z so that < uix) < 
v(y) < v(z)- We have (from (195)) 

v{w t ) — nv(u) — nv{v) > 

for all n E N. Thus 

< {g — na — nd)v(x) + {h — ne — nb)v(jj) + (i — nf — nc)i>(~z) < {{g+h+i) — nf — nc)v(z) 

for all n. Thus / = c = 0, but this is impossible, since uv — is a local equation of 
Dx at p. 

Thus the algorithm converges in a morphism f m : X m — ► Y" m such that T(i?™) = 0, 
and after iterating for each primitive relation associated to R, we obtain the construc- 
tion of fi : X\ — > Yi, as in the conclusions of the theorem, such that /1 is prepared, 
cuspidal for Dx 1 and t/^Xi) < r. 

□ 

Theorem 9.2. Suppose that f : X — > Y is prepared, Tf(X) = —00 and is 
cuspidal for f. Then f is toroidal. 

Proof. Suppose that E is a component of Dx and E contains a 3-point p. Let 
f(p) = 9- 9 is a 3-point, and if u,v,w are permissible parameters at q, then there 
exists an expression 

u = x ail y ai2 z ai3 

v = x a21 y a22 z a23 (197) 
w = x a31 y a32 w a33 

at p, where x,y,z are permissible parameters at p for u, v,w and x — is a local 
equation of E. In particular, / has a toroidal form of type 1 following Definition 3.7 
at p. Thus f(E) = D is a component of Dy, f{E) = C is a 2-curve or f(E) = q. 
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Since Dx is cuspidal for /, all components E of Dx map to a 3-point, a 2-curve or a 
component of Dy . 

Suppose that E is a component of Dx, p G E, q — f(p), u,v,w are permissible 
parameters at q, and x, y, z are permissible parameters for u, v, w at p, such that x = 
is a local equation of E. For <y G Ox, P , let ord^ff be the largest power of x which 
divides g in Ox, P Let 



Jac(/) = Dot 

Then we define 



/ du du_ du_ \ 

dx dy dz 

dv dv dv 

dx dy dz 

dw dw dw 

\ dx dy dz / 



X(E) = ordEUvw — ordsJac(/). 

X(E) is an invariant of E, since f(E) is a component of Dy, a 2-curve or a 3-point. 
Notice that 

X(E) = ord^MW — ord#Jac(/) 
if q G f(E) is a 2-point, and 

X(E) = ord^u — ord_EJac(.f) 

if q G f(E) is a 1-point. We compute X(E) in (197) or in a toroidal form following 
Definition 3.7 if E docs not contain a 3-point (recall that Dx is cuspidal for /), to 
see that 

ME) = 1 

for all components E of Dx- 

We will now verify that if p G Dx , then / is toroidal at p, from which the conclu- 
sions of the theorem follow. 



Case 1. Suppose that f(p) = q is a 3-point. Let u, v, w be permissible parameters 
at q, and x, y, z be permissible parameters for u, v, w at p. 

First suppose that p is a 1-point. Then (since / is prepared), we have an expression 
(after possibly interchanging u, v, w) 

u = x a 

v =x b (a + y) (198) 
w = x c (^(x, y) + x d z) 

with O^a, 0,6,00,7 a unit series, d > 0. 

Let E be the component of Dx containing p. Computing X(E) at p from (198), 
we get 

1 = {a + b + c) - (a + b + c + d - 1) = 1 - d. 

Thus d = and u, v, w have the toroidal form 3 following Definition 3.7 at p. 

Suppose that p is a 2-point. Let E and E' be the components of Dx containing p. 
Then we have (after possibly interchanging u, v, w and x, y,z), a form 

u = x a y b , v = x c y d , w = x m y n (g(x 1 y) + x e y f z) (199) 

where g(x,y) is a unit series, x = is a local equation of E, and y = is a local 
equation of E' , or 

u = (x a y b )\v = (x a y b Y(a + z),w = (x a y b ) m (g(x a y b , z) + x c y d ) 

(200) 

where g is a unit series, a ^ 0, ad — be ^ 0, x = is a local equation of E, and y = 
is a local equation of E'. 
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In (199), we compute, 

1 = X(E) = a + c + m-[a + c + e + m-l] = l — e 

implies e = 0. We also compute 

1 = X(E') = b + d + n-[b + d + n + f-l] = l- f 

which implies / = 0. Thus we have a toroidal form 2 following Definition 3.7 at p. 
Suppose that p satisfies (200). Then 

1 = X(E) =a(k + t + m) - [a(k + t + m) + c-l] = l-c 

implies c = 0. 

1 = X(E') =b(k + t + m)- [b(k + t + m) + d-l] = l-d 
implies d = 0. This is impossible, so (200) cannot occur. 

Case 2. Suppose that f(p) = q is a 2-point. Let u, v, w be permissible parameters 
at q, and x, y, z be permissible parameters for u, v, w at p. 

Suppose that p is a 1-point, and let E be the component of Dx containing p. We 
have an expression 

u = x a , 

v =x b (a + y), (201) 
w — g(x, y) + x c z 

where x — is a local equation of E, and ^ a, or 

u = x a , 

v = x c (j(x,y) +x d z), (202) 
w =y 

where 7 is a unit series. 

Computing X(E) in (201), we have 

1 = X(E) = a + b-(a + b + c-l) = l-c 

implies c = 0. Thus after making an appropriate change of variables, we have a 
toroidal form 5 following Definition 3.7 at p. 
Computing X(E) in (202), we have 

1 = X(E) = (a + c) - [a + c + d - 1] = 1 - d 

implies d = 0. Thus / has a toroidal form 5 following Definition 3.7 at p. 

Suppose that p is a 2-point. Let E and E' be the components of Dx containing p. 
Then we have a form 

u = x a y b , v = x c y d 1 w = g(x, y) + x e y f z (203) 

where x = is a local equation of E, y — is a local equation of E', and ad — bcj^ 0, 
or 

u = (x a y b ) k ,v = (x a y b ) t (a + z),w = g(x a y b , z) + x c y d (204) 

where x = is a local equation of E, y = is a local equation of E' , ^ a 6 k and 
ad—bc^ 0, or 

u = (x a y b )\ v - (x a y b ) l ( 1 (x a y b , z) + x c y d ),w = z (205) 

where 7 is a unit series, x = is a local equation of E, y — is a local equation of 
E', a, b > and ad - be ^ 0. 
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Computing X(E), X(E') in (203), we get 

1 = X(E) = a + c-(a + c + e-l) = l- e 

which implies e = 0. 

1 = X(E') = b + d-(b + d + f-l) = l- f 

implies / = 0. Thus after an appropriate change of variables, we have a toroidal form 
4 following Definition 3.7 at p. 

Computing X(E), X(E') in (204), we get 

1 = X(E) = a(k + t)- [a(k + t) + c-l] = l- c 

which implies c = 0, and 

1 = X(E') = b(k + 1) - [b(k + t) + d-l] = l-d 

which implies d = 0. Since c = d = is impossible in (204), we see that this form 
cannot occur. 

Computing X(E), X(E') in (205), we get 

1 = X(E) = a(k + 1)- [a(k + l) + c-l] = l-c 

implies c = 0, 

1 = X(E') = b{k + 1)- [b(k + l) + d-l] = l-d 
implies d = 0. Thus (205) cannot hold. 

Case 3. Suppose that f(p) = q is a 1-point. Let u, v, w be permissible parameters 
at q satisfying 3 of Definition 3.4. Suppose that p is a 1-point, and let E be the 
component of Dx containing p. We have an expression 

u = x a ,v = y,w = g(x, y) + x c z (206) 

at p. 

1 = X(E) = a-[a + c-l] = l-c 

implies c = and thus / has a toroidal form 6 following Definition 3.7 at p. 

Suppose that p is a 2-point, and let E, E' be the components of Dx containing p. 
We have an expression 

u = (x a y b ) k ,v = z,w = g{x a y\ z) + x c y d (207) 

at p, where x — is a local equation of E, y = is a local equation of E', a, b > 
and ad — bc^ 0. 

1 = X(E) = ak - [ak + c - 1] = 1 - c 

implies c = 0. 

1 = X(E') = bk-[bk + d-l] = l-d 
implies d = 0. Thus (207) cannot occur. □ 

Proof of Theorem 0.1 By resolution of singularities and resolution of indeterminacy 
[H] (cf. Section 6.8 [C3]), and by [M], there exists a commutative diagram 



x 1 


h 


Y 1 


$1 1 




l*i 


X 


Y 



104 



STEVEN DALE CUTKOSKY 



where $1, are products of blow ups of points and nonsingular curves, such that 
X\ and Y\ are nonsingular and projective. By Lemma 4.3, Remark 4.4 and Theorem 
4.5, we can construct a commutative diagram 

X 2 h Y 2 

$2 I I *2 

X x ^ Yi 

such that $2 and ^ 2 are products of blow ups of points and nonsingular curves, such 
that f 2 is prepared and Dx 2 is cuspidal for / 2 . 

Now by descending induction on t(X 2 ) and Theorems 8.11 and 9.1, there exists a 
commutative diagram 



x 3 




Y 3 


$3 I 




1*3 


x 2 


h 


Y 2 



such that <J>2 and ^3 are products of blow ups of possible centers, / 3 is prepared, Dx 3 
is cuspidal for / 3 and t/ 3 (X 3 ) = —00. 

By Theorem 9.2, / 3 is toroidal, and the conclusions of the theorem follow. 
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